Reconstruction of the Water Table from Self-Potential
Data: A Bayesian Approach
by A. Jardani1,2, A. Revil3,4, W. Barrash5, A. Crespy6, E. Rizzo7, S. Straface8, M. Cardiff9, B. Malama5,
C. Miller5,10, and T. Johnson11

Abstract
Ground water flow associated with pumping and injection tests generates self-potential signals that can be
measured at the ground surface and used to estimate the pattern of ground water flow at depth. We propose an
inversion of the self-potential signals that accounts for the heterogeneous nature of the aquifer and a relationship
between the electrical resistivity and the streaming current coupling coefficient. We recast the inversion of the
self-potential data into a Bayesian framework. Synthetic tests are performed showing the advantage in using selfpotential signals in addition to in situ measurements of the potentiometric levels to reconstruct the shape of the
water table. This methodology is applied to a new data set from a series of coordinated hydraulic tomography,
self-potential, and electrical resistivity tomography experiments performed at the Boise Hydrogeophysical
Research Site, Idaho. In particular, we examine one of the dipole hydraulic tests and its reciprocal to show the
sensitivity of the self-potential signals to variations of the potentiometric levels under steady-state conditions.
However, because of the high pumping rate, the response was also influenced by the Reynolds number, especially
near the pumping well for a given test. Ground water flow in the inertial laminar flow regime is responsible for
nonlinearity that is not yet accounted for in self-potential tomography. Numerical modeling addresses the sensitivity of the self-potential response to this problem.
Some figures in this paper are available in color in the online version of the paper.
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Knowledge of the geometry and the physical properties of aquifers is required to quantitatively estimate
water resources and to protect them from various possible
sources of contamination (de Marsily 1986). The flow of
ground water is generally studied using in situ measurements from a set of observation wells. Unfortunately,
because of their cost, usually only a few wells are available for a given field test or monitoring program, resulting in relatively scarce information to infer the pattern of
ground water flow or the distribution of hydraulic parameters. To remedy this problem, low-cost geophysical
methods that are sensitive to ground water flow, and/or
features that significantly affect ground water flow, are
required. Methods such as georadar and the DC-electrical
resistivity tomography add information on the geometry
of the water table and the water content distribution in the
ground (Binley et al. 2002; Kemna et al. 2002; DayLewis et al. 2005). These methods can be implemented
not only at the ground surface but also in performing
cross-hole tomography (Linde et al. 2006).
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The self-potential method remains, however, the only
method that can simultaneously characterize the geometry
and the dynamics of ground water flow in real time (Suski
et al. 2006; Jardani et al. 2007b, 2008). Indeed, the natural
electrical potential resulting from the flow of ground water
(called the streaming potential) is directly related to the
movement of water within the aquifer. In addition, the
characteristic time associated with the transport of the electromagnetic information is small enough to consider the
diffusion of the electromagnetic disturbances as a quasiinstantaneous phenomenon (Revil et al. 2003).
Quincke (1859) was the first to demonstrate that the
flow of water through a capillary or a porous medium
generates an electric field of electrokinetic nature due to
the drag of the diffuse part of the electrical double-layer
coating in the surface of the pores. Bogoslovsky and
Ogilvy (1973) and recently Revil et al. (2002a), Suski
et al. (2004), Rizzo et al. (2004), Titov et al. (2005), and
Maineult et al. (2008) showed that an electric field of
electrokinetic nature can be measured at the surface of the
earth during infiltration or pumping tests. When water is
flowing through a porous material, a streaming current
density is produced in response to the drag of the excess
of electrical charges existing in the vicinity of the mineral-water interface in the so-called diffuse layer (Ishido
and Mizutani 1981; Revil et al. 2003). The divergence of
this streaming current density creates an electrical field
that can be measured at the ground surface of the earth.
This electrical field is also influenced by the electrical
resistivity distribution of the medium.
Unfortunately, the streaming potential is not the only
component of the self-potential signals. Other components
include electroredox phenomena (Naudet et al. 2004;
Rizzo et al. 2004; Castermant et al. 2008) and diffusion
and thermoelectric phenomena that are both related to the
gradient of the chemical potential of ions in the pore water
of the porous material (Revil 1999; Revil and Linde 2006).
A number of recent studies have shown the high
interest in the self-potential method for applications in
geohydrological problems. These applications include (1)
the identification of the direction and rate of ground
water flow in the vadose zone and in shallow unconfined
aquifers (Doussan et al. 2002; Revil et al. 2003); (2) the
delineation of hydrothermal bodies (Finizola et al. 2002);
(3) redox fronts associated with contaminant plumes
(Naudet et al. 2004); (4) the localization of sinkholes in
karstic areas (Jardani et al. 2006, 2007a, 2008); (5) the
interpretation of pumping and infiltration tests (Rizzo et al.
2004; Maineult et al. 2008); (6) the study of anisotropy in
fractured media (Wishart et al. 2006, 2008); and (7) the
determination of the capillary pressure curve and relative
permeability of the capillary fringe using harmonic pumping tests (Maineult et al. 2008; Revil et al. 2008).
Two models have been developed in the literature in
the past two decades. The first school of thought is based
on a linear relationship observed, in some cases, between
the thickness of the vadose zone and the self-potential
data measured at the ground surface. This approach is
called the Aubert model (Linde et al. 2007). This
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empirical relationship is valid only when the contrast of
electrical resistivity between the vadose zone and the
unconfined aquifer is important and when the vadose zone
is fairly homogeneous. The second school of thought has
proposed a model in which the divergence of the source
of current is located at the water table (Fournier 1989;
Birch 1993). These sources can be modeled by electrical
dipoles normal to the water table. The intensity of these
dipoles is proportional to the potentiometric levels with
respect to a reference level (Revil et al. 2002a).
These two approaches have been used recently by
Linde et al. (2007) in a Bayesian framework to reconstruct the shape of the water table at the scale of a small
catchment. However, none of these approaches account
properly for the heterogeneity of the coupling coefficient
and electrical resistivity distribution. In the present
article, we propose a general approach free of all the
previous assumptions. This method is based on numerically solving the Poisson equation for the streaming potential and the hydraulic heads under steady-state conditions.
However, we will show that this approach also validates
some of the assumptions made in our previous works.

Forward Modeling
Field Equations in the Viscous Laminar Flow Regime
Self-potential signals associated with the flow of
ground water are due to the drag of excess electrical charge
contained in the pore water and resulting from the existence
of the electrical diffuse layer at the pore water-mineral
interface. In an isotropic heterogeneous media, the total current density j (in A/m2) is given by the sum of a conductive
current (Ohm’s law) and a source current of electrokinetic
nature (Ishido and Mizutani 1981; Revil et al. 2007):
j ¼ rru  Lrh

ð1Þ

where h is the hydraulic head (in m), u is the electrical
(self-) potential (in V), r is the electrical conductivity of
the porous material (in S/m), and L is the streaming current coupling coefficient (in A/m2). The term jS ¼ Lrh
is named the streaming current density and acts as
a source of current density (Revil and Leroy 2004; Revil
et al. 2005).
At Reynolds numbers between 1 and few hundred
(the critical value corresponding to turbulence), the flow
is said to be in the inertial laminar flow regime. When
the Reynolds number is much less than 1, the flow
regime is called the viscous laminar flow regime. We will
see below that the interpretation of the self-potential
signals associated with a dipole test requires that the distinction be made between these two regimes. In the viscous-laminar flow regime, all the material properties
(especially the streaming current coupling coefficient and
the permeability) are independent of the pressure gradient.
The electrical conductivity of a water-saturated porous
material results from two contributions: one in the bulk
pore space and one along the surface of the pores (called
the surface conductivity; Leroy and Revil 2004). These
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two contributions do not act in parallel (Bernabé and Revil
1995; Revil et al. 1998, 2002b). An important point is that
if the surface conductivity can be neglected with respect to
the electrical conductivity of the brine (i.e., for small Dukhin numbers, see Crespy et al. [2007]; Bolève et al.
[2007a]), then both the streaming current coupling coefficient L and the electrical conductivity r are inversely proportional to the electrical formation factor (Revil et al.
1999). Therefore, tomography of the resistivity can be used
to assess the distribution of the streaming current coupling
coefficient. This point will be developed further below.
The streaming potential coupling coefficient is
defined by:
 
@u
L
C¼
ð2Þ
¼
@h j¼0
r
This coefficient is usually the electrokinetic coupling
coefficient that is measured in the laboratory (see the following). It is here expressed in millivolts per meter of
hydraulic head (it is usually expressed in millivolts per
pascal by electrochemists).
The continuity equation for the electrical charge is
r  j ¼ 0. The combination of this continuity equation
and the constitutive equation, Equation (1), yields a Poisson’s equation:
r  ðrruÞ ¼ J

ð3Þ

where J ¼ rðLrhÞ is the volumetric source term (in
A/m3) for any self-potential station (a nonpolarizing electrode) located outside the source volume in which flow
occurs. In order to gain a better understanding of the various contributions of the source term of Equation (3), it is
insightful to expand J in terms of its contributions. The
source term of Equation (3) can be written as J ¼
Lr2 h  rL  rh. Using the Darcy constitutive equation
u ¼ Krh (K is the hydraulic conductivity in m/s), the
Laplacian of the hydraulic head is given, in steady-state
conditions, by:
Q
r2 h ¼  dðr  rS Þ  rln K  rh
K

ð4Þ

where Q is the pumping or infiltration rate (in m3/s), rS is
the position of the source where water is infiltrated or
removed from the ground, dðr  rS Þ is the Kronecker
delta (d½r  rS  ¼ 1 when r ¼ rS and d½r  rS  ¼ 0 for
r 6¼ rS ). Therefore, the source term in the electrostatic
Poisson equation can be written as:
J¼L

Q
dðr  rS Þ  rL  rh 1 Lrln K  rh
K

ð5Þ

There are three source terms in Equation (5). The
first one is associated with the pumping/injection rate.
The second source term is associated with the heterogeneity of the streaming current coupling coefficient of the
ground in the presence of a hydraulic gradient. As explained above, this heterogeneity can be assessed independently with an electrical resistivity tomogram. Note
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that the tomogram of the electrical resistivity (and hence
L) is smoother than what we actually expect in the real
world due to regularization of the inverse problem in
electrical resistivity tomography. This regularization
would decrease the value of rL. Conditional realizations
of L, using the best estimate and the posterior covariance,
could be generated, and in general, these will generate
‘‘rougher’’ L-fields than what the best estimate gives. This
possibility is, however, not explored in the present work.
The third source term is associated with heterogeneity of
the permeability field.
If we consider N sources and sinks of water supply or
removal inside the ground, the distribution of the electrical potential is given by solving the following Poisson’s
equation:
r2 u ¼ 

N
X
i¼1

C

Qi
1
dðr  rSi Þ  rL  rh
r
K

 rln r  ru  Crln K  rh

ð6Þ

which shows that spatial variation of electrical conductivity can also be considered as an additional self-potential
source.
Field Equations in the Inertial Laminar Flow Regime
A number of recent works (Watanabe and Katagishi
2006; Kuwano et al. 2006; Revil 2007; Bolève et al.
2007a) have studied the effect of the Reynolds number
on the magnitude of the streaming potential. For a
capillary of radius R, U being the strength of the seepage
velocity, the Reynolds number is defined by (e.g.,
Batchelor 1972):
Re ¼ qf UR=gf

ð7Þ

where qf and gf are the mass density and dynamic shear
viscosity of the pore fluid. In the inertial laminar flow
regime (Re . 1), the apparent streaming current coupling
coefficient and the apparent hydraulic conductivity are
given by (Bolève et al. 2007a):
L ¼ L0 =ð1 1 Re Þ

ð8Þ

K ¼ K0 =ð1 1 Re Þ

ð9Þ

where L0 and K0 are the value of the streaming current coupling coefficient and hydraulic conductivity in the viscous
laminar flow regime characterized by Re  1. In particular,


K0 ¼ d02 qf g= 24F 3 gf

ð10Þ

from Revil and Cathles (1999), where d0 is the mean
grain diameter, F is the electrical formation factor, qf is
the mass density of the pore fluid, g is the acceleration of
the gravity, and gf is the dynamic shear viscosity of the
pore fluid, and
L0 ¼ QV K0
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(Bolève et al. 2007a, 2007b), where QV represents the
excess of electrical charge of the diffuse layer per unit
pore volume (Revil and Leroy 2004; Revil et al. 2005;
Revil and Linde 2006).
According to Bolève et al. (2007a), the Reynolds
number can be determined from the following expression:

1 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
11c1
Re ¼
2

c¼

bq2f g

d03

g2f

FðF  1Þ3

rh

ð12Þ

ð13Þ

where b ’ 2.25 3 103 is a numerical constant and c
is a function of both the texture and head gradient. The
Reynolds number depends on rh, so in this regime, the
current density and the Darcy velocity are nonlinear functions of the pressure heads, and the apparent hydraulic
conductivity and the streaming current coupling coefficient depend also on the gradient of the hydraulic head.

Numerical Modeling
The electrokinetic equations can be combined with
the equations describing the flow of ground water in
a deformable porous medium and solved with the finiteelement method (e.g., Revil et al. 1999), the volume element method (Sheffer and Oldenburg 2007), or using the
finite-difference approach (Titov et al. 2005). Other methods, like the boundary element method, have been used in
electroencephalography to solve for the electric and magnetic fields in a piecewise homogeneous domain.
The normal component of the total current density
vanishes at the surface of the earth because air is insulating. In self-potential monitoring, it is also important to
remember that all the electrodes are connected to a reference electrode for which the potential is equal to zero by
definition. The three-dimensional (3D) forward model
was solved with Comsol Multiphysics 3.4 (Comsol 2008)
coupled with Matlab. The Darcy equation was solved
with the Earth Science package, while the Poisson equation for the self-potential was solved with the electromagnetic package. In the forward numerical modeling, it is
very important to remove the potential obtained at the
location of the reference electrode in order to compare the
measured self-potential and the self-potential values resulting from numerical modeling.
Whatever the method used to discretize the forward
model, the model is linear between the head values and
the self-potential signals as long as the flow occurs in the
viscous laminar flow regime. In this regime, Equation (2)
can be written as:
u¼Gh

ð14Þ

where h is a column vector of hydraulic heads, u is a column vector of the resulting self-potential at the ground
surface, and G is the kernel matrix that depends on the
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distributions of the electrical conductivity and streaming
current coupling coefficient and the distance between
each elementary source and the self-potential stations.

Inverse Modeling
In this section, we perform a Bayesian inverse calculation to estimate hydraulic heads from self-potential data
incorporating into the kernel information about the distribution of electrical resistivity. Geostatistical constraints
will also be used to account for spatial structure or heterogeneity in the model. In the Appendix, we show that
the a posteriori estimate of the hydraulic heads and their
uncertainties are given by:
h
1 
i
^h ¼ h
T
T
1
C
G
G
C
G
1
C
d

G
h
prior
m
obs
prior
m
d
ð15Þ
h
i
 
T ^
^
r h } exp ðh  ^hÞ C 1
m ðh  hÞ

ð16Þ

where the a priori model of hydraulic heads hprior is given
by the model of Fournier (Birch 1993). The a posteriori
covariance matrix of the hydraulic heads is given by:
^
1
^
1
C p ¼ GT C 1
G
1
C
ð17Þ
m
d
^
^ In
where G is the Fréchet derivatives of G evaluated at h.
^
the present case, G ¼ G because the problem is linear.
However, this would not be the case if the effect of the
Reynolds number were considered. This matrix is the resolution measure that quantifies the uncertainties about the
hydraulic heads.
Inversion of self-potential data is an underdetermined
problem, and an infinite set of hydraulic head distributions can reproduce the same self-potential data measured
at the ground surface. To reduce the nonuniqueness of the
solution, constraints have to be used. The method of
inversion described above can incorporate constraints
such as the adjustment of the data balanced by the covariance of the uncertainty on the data, the adjustment of
a model balanced by the uncertainty on the model parameters, the weighting of the model parameters according to
their depth, and constraints provided by in situ measurements of the hydraulic heads in a set of piezometers.
The adjustment of a model balanced by the covariance
of the parameters allows one to reconstruct an anisotropic
hydraulic head data set (e.g., in the case where discontinuities are present in the ground like for karstic areas). These
covariances can be given as an a priori probability distribution from the geology of the site or from its topography.
The covariance matrix can be determined from a variogram. If we make u the variable considered, the value of
the semi-variogram between two distant localizations of
d is calculated by (e.g., Deutsch and Journel 1992):
cðdÞ ¼

NðdÞ
1 X
½uðxi Þ  uðxi 1 dÞ2
2NðdÞ i¼1

ð18Þ
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Figure 1. Synthetic model. The properties of the three materials are reported in Table 1. The base of the aquifer occurs at
a constant depth of 40 m from the flat ground surface. The heterogeneity is a rectangular block with dimensions dh = 20 m,
dx = 40 m, dy = 100 m. The initial depth to the top of the aquifer is 10 m. Pumping is performed from a partially penetrating
well (diameter of 1 m, thickness of the pumping interval is 8 m [black zone in well]) located at x = 150, y = 100. We impose
a constant hydraulic head of 30 m above the base datum at all the side boundaries of the aquifer.

where N(d) is the number of pairs of observations of
separation distance d. The assumption of stationarity of
the second order of the semi-variogram (Matheron
1965) implies that the semi-variogram is invariant by
translation; that is, the semi-variogram will not depend
on the particular location of the observation points. It
depends only on the distance that separates them. Once
calculated, the semi-variogram reveals three characteristics: (1) the range; (2) the sill; and (3) the nugget
effect. The range is the distance to which two
observations are not correlated anymore; the value of
the semi-variogram for this distance corresponds to the
variance of the variable. The sill C is the value of the
semi-variogram once the range has been reached; this
value corresponds to the variance r2 of the variable. The
nugget effect represents very small-scale variation at
separation distances less than those available in the
data set of measurements.
There is a simple relationship between the model of
C(d) covariance and the model of the semi-variogram:
 
cðdÞ ¼ r2  C d

ð19Þ

where C(d) is the covariogram (or autocorrelation
function).
The self-potential signals are generated by the divergence of the streaming current density, which is in turn
related to the flow of the ground water. We assume that
this source is located at the water table. If capillary
fringes can be neglected (this will be the case for the field
data reported below), the electrical resistivity tomography
can also be used to determine the domain of strong probability of the presence of the source term for the
self-potential signals. This solution makes it possible to
calculate the kernels quickly, and the solution will be relatively well localized.
For pumping tests, the semi-variogram of the potentiometric data can be determined from the semi-variogram
of the self-potential measurements. Indeed, we will show
that the self-potential data follow a quasi-linear trend
with respect to the hydraulic heads.
NGWA.org

Synthetic Tests
Flow in the Viscous Laminar Flow Regime
The first model corresponds to a synthetic case in
which the flow of ground water occurs entirely in the viscous laminar flow regime. The geometry of the system is
shown in Figure 1. The medium is characterized by two
layers and a rectangular heterogeneity placed in the vicinity of the pumping well. Properties of the three materials
are given in Table 1. The hydraulic problem is solved in
3D with Comsol Multiphysics 3.4 assuming that the water
table is a free boundary and by imposing constant heads
on the sides of this system.
The numerical finite-element simulation of steadystate pumping is shown in Figure 2. The resulting selfpotential anomaly at the ground surface is shown in
Figure 3. Note that the self-potential signals recorded at
the ground surface are linearly correlated to the hydraulic
heads at depth (Figure 4) in agreement with our previous
models (Rizzo et al. 2004; Straface et al. 2007). Therefore, we use the variogram of the self-potential map to determine the semi-variogram of the a priori hydraulic heads
(Figure 5). We are aware that this approach may be criticized. Indeed, by using the self-potential data to generate
a priori information, one may argue that the self-potential
data are being ‘‘double weighted’’ (i.e., we are using it both
to get a prior model and to update that model). An alternative approach (not used here) would be to use only the
a priori observed head data to set up the a priori model.

Table 1
Material Properties Used for the First
Synthetic Model
Material
1
2
3

K (m/s)

q (ohm/m)

L (A/m2)

106
104
105

10
20
100

5 3 104
5 3 104
5 3 104

A. Jardani et al. GROUND WATER 47, no. 2: 213–227

217

2.0
ϕ−ϕ0 = Ca (h − h0)
Ca = -4.7 mV/m,h0 = 30 m

Self potential (in mV)

1.5

1.0

0.5

Figure 2. Distribution of the hydraulic heads (as meters
above base datum) under steady-state conditions (the pumping rate is 105 m3/s). The filled circles correspond to the
positions of a set of arbitrarily located observation wells.

0.0
29.6

29.65

29.7

29.75

29.8

29.85

29.9

29.95

30

Hydraulic head (in m)

This semi-variogram is fitted with a Gaussian model.
Then, we used the methodology developed previously to
invert the a posteriori probability density of the hydraulic
heads; the result is shown in Figure 6. Figure 7 is a plot
of the true hydraulic heads of the synthetic model vs. the
inverted hydraulic heads, which shows the high degree of
correlation; in this regard, the scatter is the result of
numerical noise.
Flow in the Inertial Laminar Flow Regime
A second synthetic case is developed to study the
self-potential response around a pumping well in a case
where Re . 1 in the vicinity of the pumping well. In this
case, the flow of ground water in the vicinity of the
pumping well occurs in the inertial laminar flow regime.
The geometry is the same as that in the previous case.
The material properties we used are collected in Table 2.
We used material properties that favor a high Reynolds
number close to the pumping well. In Figure 8, we plot
the self-potential at the ground surface when the effect
of the Reynolds number is not taken into account. In

Figure 4. Correlation between the self-potential data at the
ground surface and the hydraulic heads computed in the
wells shown in Figure 2.

Figure 9, we plot (1) the self-potential at the ground surface when the effect of the Reynolds number is taken into
account and also (2) the Reynolds number. The result is
striking. When the effect of the Reynolds number is taken
into account, the self-potential anomaly is no longer centered on the pumping well. We will show later that this
observation is in agreement with the field results.

Field Application
In June 2007, we performed a series of coordinated
hydraulic tomography, self-potential, and electrical resistivity tomography field experiments at the Boise
0.014

Semi-variogram (in mV 2)

0.012

0.01

0.008

0.006

0.004

0.002

0
0

10

20

30

40

50

60

70

80

90

100 110

Lag distance (in m)

Figure 3. Distribution of self-potential at the ground surface
under steady-state conditions. Note the nonsymmetric distribution of the electrical equipotentials associated with the
presence of the heterogeneity.
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Figure 5. Semi-variogram of the a priori hydraulic head
model determined from the linear relationship u  u0 = Ca
(h – h0). The semi-variogram is fitted with a Gaussian model.
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Figure 6. Reconstruction of the a posteriori distribution of
the hydraulic heads.

True values of the hydraulic heads (m)

30.6

Figure 8. Influence of the Reynolds number. Self-potential distribution obtained by neglecting the effect of the Reynolds
number. Note that the self-potential anomaly is centered on the
pumping well (white circle). The pumping rate is 105 m3/s.

30.5
30.4
30.3
30.2
30.1
30.0
29.9
29.9

30.0

30.1

30.2

30.3

30.4

30.5

30.6

Inverted values of the hydraulic heads (m)

Figure 7. True value of the hydraulic head vs. the inverted
values of the hydraulic heads under steady-state conditions
of pumping (R2 = 0.97).

Table 2
Material Properties Used for the Second Set of
Synthetic Models
Material
1
2
3

K (m/s)

q (ohm/m)

L (A/m2)

5 3 103
5 3 103
105

10
20
100

4 3 104
2 3 104
5 3 104

Hydrogeophysical Research Site (BHRS). This site is
located on a gravel bar adjacent to the Boise River, 15
km from downtown Boise, Idaho. The BHRS has been
established to develop combined hydrogeological and
geophysical methods to determine the distributions of
hydraulic properties (e.g., transmissivity, storativity,
NGWA.org

specific yield) of naturally heterogeneous aquifers in the
shallow subsurface. Eighteen fully penetrating wells have
been cored and completed at the BHRS to provide access
for detailed characterization and testing (Clement et al.
1999; Barrash et al. 2006).
The aquifer at the BHRS consists of Pleistocene to
Holocene coarse fluvial deposits that are unconsolidated
and unaltered and that are underlain by a red clay formation (Barrash and Reboulet 2004). The thickness of the
fluvial deposits is in the range of 18 to 20 m, and saturated thickness of the aquifer is generally about 16 to 17
m. The aquifer at the BHRS is known to be heterogeneous with a multiscale and hierarchical sedimentary
organization (Barrash and Clemo 2002) whereby the
aquifer as a whole includes layers, and lenses within layers, that can be recognized with a variety of geologic,
hydrologic, and geophysical methods (e.g., Reboulet and
Barrash 2003; Tronicke et al. 2004; Clement and Barrash
2006; Clement et al. 2006; Ernst et al. 2007; Irving et al.
2007).
Self-Potential and Resistivity Measurements
Ten dipole tests were performed in which water was
pumped from one well and injected into another. For the
present investigation, we use data from two dipole tests
with wells C1 and C4 as pumping and injection wells
(alternatively). The self-potential signals were measured
at the ground surface in a set of 88 electrodes with
respect to a reference electrode placed 90 m from the
region of investigation (Figure 10; seven additional electrodes were placed in boreholes). The dashed line in
Figure 10 separates two regions of high and low transmissivity determined from the previous studies.
A. Jardani et al. GROUND WATER 47, no. 2: 213–227
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Figure 9. Influence of the Reynolds number. (a) Distribution
of self-potential determined with accounting for the distribution of the Reynolds number. Note that the self-potential
anomaly is not centered on the pumping well (white dot),
and its magnitude is smaller than that in Figure 8. (b) Distribution of the Reynolds number determined from the
hydraulic head gradient. The pumping rate is 105 m3/s.

Each electrode (stainless and nonpolarizing) was
placed inside a hole 10 cm deep and filled with a moistened bentonite and gypsum mixture to ensure good contact between the electrode and the ground, and stones
were placed above the electrodes. Measurements of the
self-potential signals were carried out with a Keithley
2701 multichannel voltmeter, and we used nonpolarizing
Pb/PbCl2 (Petiau) electrodes (Perrier et al. 1998). The
voltmeter was connected to a laptop computer where the
data were recorded. All the electrodes were scanned during a period of 30 s.
Here, we note that in-field temperature changes
caused drift in the measurements. To account for this
drift, an additional reference electrode was located 50 m
from the middle of the investigated region, and temperature of the packing medium around the reference electrode
was measured periodically. According to SDEC (the company manufacturing the Petiau electrodes), the temperature dependence of these electrodes is 0.210 mV/C.
During the day, we measured variations of temperature
ranging from a few degrees Celsius to 15 C. A difference in temperature of 10 C is responsible for a drift of
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Figure 10. Sketch showing the position of the Petiau electrodes used for the self-potential monitoring (represented by
stars), the stainless steel electrodes for the resistivity tomography (open circles), and the position of wells (the filled
circles) in the central area of the BHRS. The self-potential
map corresponds to the self-potential distribution prior to
dipole pumping/injection tests. Relatively lower self-potential
corresponds with portions of the aquifer that include sand
channel deposits (i.e., relatively higher transmissivity or
thickness-averaged hydraulic conductivity). The dashed line
separates these two areas of relatively higher and lower
transmissivities.

the self-potential measurement of 2 mV, and therefore
this effect cannot be neglected.
Figure 11a shows the time variation of the measured
self-potentials (raw data) on one electrode during the
dipole test. This potential measurement is divided into
five time intervals denoted I to V. The data can be considered to be the sum of the time variation due to the pumping/injection test and its recovery plus a drift. The drift
itself is believed to be generated by the variation of the
temperature over time and can be adjusted by a polynomial of the third order with the coefficients of this
polynomial fitted in time intervals I, III, and V. This trend
is then removed from the raw data, which gives the data
shown in Figure 11b. These data are used to build selfpotential maps like the one shown in Figure 12. Rizzo
et al. (2004) used a filtering operation to improve the
signal-to-noise ratio of these data. However, we found
that the self-potential (SP) data collected during the
dipole tests at the BHRS in 2007 are of high quality.
The standard deviation can be determined from the
NGWA.org
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Figure 11. Example of self-potential data during a dipole pumping/injection test. (a) Raw data. (b) Detrended data. We can
recognize five phases in the pumping test: I corresponds to the data obtained prior to the start of the pumping test; II is the
transient phase during pumping; III is the steady-state phase; IV is the rapidly changing portion of the recovery phase; and V
corresponds to the slowly changing to steady-state portion(s) of the recovery phase.

self-potential data that were recorded for time prior to the
dipole test. The stack of all these data can be used to
determine the mean and the variance prior the dipole test.
The standard deviation is typically of 0.1 mV. Consequently, no filtering was applied to these data.
Under steady-state conditions, Rizzo et al. (2004)
and Suski et al. (2006) demonstrated that the selfpotential data exhibit a linear relationship with the depth
of the water table. A plot of the self-potential data as
a function of the hydraulic heads is shown in Figure 13
and will be interpreted in the next sections.

In addition to the self-potential data, electrical resistivity measurements were also collected during the steadystate conditions of the dipole tests. These measurements
were taken with stainless steel electrodes (their positions
are shown in Figure 10) and an IRIS-PRO System. An
example of resistivity tomogram is shown in Figure 14.
Laboratory Measurements of the Material Properties
Hydraulic permeability, electrical resistivity, and
streaming potential coupling coefficient were measured
on 16 core samples from wells at the BHRS. Only the

Figure 12. Self-potential maps obtained under steady-state conditions (phase III of Figure 11 for the pumping/injection tests
C4 pumping-C1 injection (a) and for the reciprocal test C1 pumping-C4 injection (b) Note that for the pumping well in both
tests, the self-potential anomaly is not centered on the pumping well itself like in the synthetic case (Figure 9a). However, the
self-potential anomaly associated with the injection well is centered on the injection well for both tests.
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Figure 13. Self-potential data from electrodes collocated with transducers in wells vs. the value of the hydraulic heads in those
wells during the steady-state portions of dipole tests. Data shown at three different times (50, 53, and 56 min after the beginning of the pumping/injection). (a) Pumping/injection test C4-C1. (b) Pumping/injection test C1-C4.

fine fraction of the material (,5 mm) was used.
The methodology used to measure these properties is the
same as that reported by Suski et al. (2006) and Bolève
et al. (2007a) and will not be repeated here. The results
are reported in Table 3. The average value of the streaming potential coupling coefficient is 13.2 mV/m for
a brine conductivity of 0.0221 6 0.0005 S/m (at 25 C),
which is the conductivity of the ground water measured in
one of the wells at the BHRS during the field experiments
in June 2007. Because
C¼

L
r

ð20Þ

from Equations (1) and (2), we can use the electrical
resistivity tomography and the value C ¼ 13.2 mV/m to

map the distribution of L in 3D from the electrical resistivity and Equation (27).
Interpretation of the Data
First, we can plot the self-potential data, under
steady-state conditions, as a function of the hydraulic
heads for both the dipole hydraulic test C4-C1 (pumping
from C4 and injecting into C1) and its reciprocal C1-C4
(pumping from C1 and injecting into C4). According to
Rizzo et al. (2004) and Suski et al. (2006), we should
observe a linear relationship between these two variables
that can be written as u  u0 ¼ Ca ðh  h0 Þ, where Ca is
an apparent coupling coefficient (in V/m), u0 is the reference electrical potential (0 mV), and h0 is the reference
hydraulic head. This is indeed the case with Ca ¼ 5.8

Figure 14. Result of the inversion of the resistivity data acquired before the injection-pumping experiment. (a) Inverted resistivity model. The positions of the electrodes are shown in Figure 10. (b) Distribution of electrical resistivity cut at the 3000
ohmmeter isosurface.
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Table 3
Experimental Data Performed on Core Samples from the BHRS

Sample1

Permeability
(m2)

Coupling
Coefficient
(mV/m)

Electrolyte
Conductivity
(S/m)

Sample
Conductivity
(S/m)

Formation
Factor

Coupling
Coefficient2
(mV/Pa)

A1: 11.55-12/M4
A1: 26.9-27.5/M3
B2:26.35-27.0/M3
B2:38.4-39.0/M2
B2:39.65-40.2/F2
B2:40.2-40.65/F2
B2:41.85-42.4/M2
B2:47.0-47.7/M2
B5:10.8-11.15/B4
B5:55.15-56.0/M1
C1:16.45-17.0/B4
C1:17.75-18.1/M4
C1:34.1-35.0/M3
C4:10.75-11.05/S5
C4:11.05-12.0/S5
C5:55.12-56.0/M1

1.741 3 1011
1.97 3 1011
7.58 3 1012
9.66 3 1012
8.77 3 1012
1.31 3 1011
9.08 3 1012
2.82 3 1011
2.30 3 1011
1.06 3 1011
2.67 3 1012
1.97 3 1011
4.04 3 1012
4.16 3 1011
3.46 3 1012
2.91 3 1011

15.7
20.1
20.0
15.0
17.2
13.0
14.2
13.5
12.9
15.2
9.1
14.9
9.1
19.4
9.6
17.0

0.0183
0.0170
0.0209
0.0203
0.0234
0.0193
0.0203
0.0183
0.0163
0.0174
0.0173
0.0172
0.0216
0.0154
0.0155
0.0175

4.44 3 1003
3.43 3 1003
3.99 3 1003
4.26 3 1003
5.39 3 1003
3.54 3 1003
3.18 3 1003
3.92 3 1003
2.91 3 1003
3.43 3 1003
3.75 3 1003
3.54 3 1003
3.98 3 1003
3.19 3 1003
3.72 3 1003
3.56 3 1003

6.9
6.5
8.1
7.7
6.0
11.5
9.2
8.7
5.8
7.5
4.1
6.2
6.7
4.3
4.3
7.3

13.0
15.5
18.9
13.8
18.2
11.3
13.0
11.2
9.5
12.0
7.1
11.6
8.9
13.5
6.7
13.5

1Sample names identify well (e.g., A1), depth interval in feet from land surface (e.g., 11.55 to 12.0), lithotype (e.g., M for mixed cobble sizes dominate in the sample),
and stratigraphic unit (e.g., 4 for unit 4). See Reboulet and Barrash (2003) and Barrash and Reboulet (2004).
2Normalized to a pore water conductivity equal to 0.0221 S/m at 25 C.

steady-state conditions of pumping or injection tests. We
invert the Poisson equation in a probabilistic (Bayesian)
framework and using also the available potentiometric
data in the inverse problem. This method has been tested
successfully on a synthetic case and was used to invert
for the shape of the water table during a dipole test and
its reciprocal at the BHRS. The next step will be to
1.2

1.0

Semi-variogram (in mV2)

mV/m for the dipole test C4-C1 and Ca ¼ 5.3 mV/m for
the dipole test C1-C4 (Figure 13). According to Suski
et al. (2006), Ca and C are approximately related by Ca ¼
C/2. Because the average value of C is 13.4 6 3.4 mV/
m, this yields Ca ¼ 6.7 6 1.7 mV/m, which can be considered as a reasonable estimate of the value of the apparent coupling coefficient given above. Then, we use this
value of Ca to reconstruct the semi-variogram of the a priori
hydraulic head model determined from the linear relationship u  u0 ¼ Ca ðh  h0 Þ (Figure 15). The semi-variogram
shown in Figure 15 is fitted with a Gaussian model.
The optimization of the self-potential data using
the method described previously yields the a posteriori
probability density of the hydraulic heads shown in
Figures 16a and 16b for dipole test C4-C1. However, this
estimate is wrong in the vicinity of the pumping well
because we did not account for the effect of the Reynolds
number. To obtain a better estimate, we took the a posteriori (optimized) probability density of the hydraulic heads
reconstructed from the self-potential measurements only
in the area close to the injection well while only the
potentiometric data are used in the vicinity of the injection well. The result is shown in Figures 16c and 16d.
This information can be used to determine the transmissivity distribution in the aquifer in the vicinity of the
pumping and injection wells.
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Conclusions
We have proposed a method for inverting self-potential data to determine the shape of the water table in
NGWA.org

Figure 15. Semi-variogram of the a priori hydraulic head
model determined from the linear relationship u  u0 = Ca
(h  h0). The semi-variogram is fitted with a Gaussian model
(angle 55).
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Figure 16. (a) MAP a posteriori distribution of the hydraulic heads (dipole test C4-C1). (b) Associated uncertainty. (c) Corrected MAP (a posteriori) distribution of the steady-state hydraulic heads for dipole test C4-C1. We have not used the selfpotential data in the vicinity of the pumping well. (d) Updated uncertainty map.

extend this approach to transient conditions to be able, in
addition to the transmissivity, to determine the storativity.
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Appendix
In this Appendix, we present the basis for the Bayesian approach used in the main text. If we consider that
two states A and B exist, the probability that state B will
follow, or overlie, state A, PðAjBÞ (where PðAjBÞ is called
a conditional probability), is the probability that both
states occur, P(A, B) (joint probability), divided by the
probability that state A occurs: PðAjBÞ ¼ PðA; BÞ=PðBÞ.
Similarly, we can write PðBjAÞ ¼ PðB; AÞ=PðAÞ. It follows that the two conditional probabilities PðAjBÞ and
PðBjAÞ are related to each other by Bayes’ theorem:
PðBjAÞ ¼


 
P AjBÞP B
PðAÞ

ðA1Þ

We note now h a vector column of M unknown
hydraulic heads. The vector d represents a vector column
of N self-potential observations. Bayes’ theorem, written
in terms of probability distribution between the model
parameters and the data, is written as:
PðhjdÞ ¼


 
P djhÞP h
PðdÞ

ðA2Þ

This can be written as PðhjdÞ}Pðd jhÞPðhÞ. The a posteriori probability density on the space of models, rðhÞ,
is therefore proportional to the product of two terms
(Tarantola and Valette 1982):
rðhÞ}LðhÞqðhÞ

ðA3Þ

where the likelihood function LðhÞ represents the probability density associated with the fit of the data and the
second term, qðhÞ, represents the a priori probability density. This probability density incorporates information
about the subsurface that is independent of the observed
data from which the inferences are being made. The goal
of the Bayesian approach was to construct the probability
^ where h^ is an a posteriori estimate of the
density rðhÞ,
hydraulic head distribution.
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Equation (A3) is rather general. Let us consider
that all uncertainties in the problem can be described
by stationary Gaussian distributions. This yields the
following:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
T


 
ð2pÞN
1
L h ¼
exp  G h  d obs C1
G h  dobs
d
2
det Cd
ðA4Þ

 
q h ¼

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

T 1 

ð2pÞM
1
Cm h  hprior
exp  h  hprior
2
det C m
ðA5Þ

where G is the kernel or forward modeling operator that
connects the self-potential data to a variation of the
hydraulic head (see the Forward Modeling section of
the main text), C d is the data covariance matrix, dobs
is the observed self-potential data, which are measured at
the ground surface, hprior is the a priori value of the
hydraulic heads, C m is the model covariance matrix, and
N and M are the number of observations and the number
of model parameters, respectively.
In the case where all the uncertainties are Gaussian,
the a posteriori probability density is the normalized
product of Equations (A4) and (A5). Because the forward
operator K is linear (in the inertial laminar flow regime),
this distribution is itself a Gaussian and is given from
Equation (A3) by:
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T


1
Cd G h  dobs
rðhÞ} exp  G h  dobs
2
T 1 

1
Cm h  hprior
 h  hprior
2

ðA6Þ

The matrices C d and Cm incorporate the uncertainties
in the data (modeling and observational errors) and uncertainties related to the hydraulic heads, respectively.
Linde et al. (2007) showed from field data that a self-potential measurement can be considered as a random process
with a probability density that is Gaussian, and they explained how C d can be obtained from mapping the selfpotential data at the scale of a catchment. For self-potential
monitoring, Cd can be obtained by looking at the noise
level for all the data taken before the start of the dipole test.
We maximize the a posteriori probability density on
the model parameters (a procedure called MAP in the literature, e.g., Gouveia and Scales 1997). Maximizing likelihood corresponds with minimizing the associated negative
log-likelihood. Consequently, we have to minimize the following cost function, C ¼ ln ðrðhÞÞ, given by:

T


2C ¼ G h  d obs C d G h  dobs

T


1 h  hprior C 1
h  hprior
m

ðA7Þ

The maximization of the previous cost function is
obtained by setting @C=@h ¼ 0 (Tarantola and Valette
1982), which yields Equations (15) to (17) of the main text.
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