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Influence of Source Wavelet Variability and the
Suitability of a Single Wavelet Assumption
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Abstract—Waveform-based tomographic imaging of crosshole
georadar data is a powerful method to investigate the shallow
subsurface because of its ability to provide images of electrical
properties in near-surface environments with unprecedented spatial resolution. A critical issue with waveform inversion is the
a priori unknown source signal. Indeed, the estimation of the
source pulse is notoriously difficult but essential for the effective
application of this method. Here, we explore the viability and robustness of a recently proposed deconvolution-based procedure to
estimate the source pulse during waveform inversion of crosshole
georadar data, where changes in wavelet shape with location as a
result of varying near-field conditions and differences in antenna
coupling may be significant. Specifically, we examine whether a
single, average estimated source current function can adequately
represent the pulses radiated at all transmitter locations during a
crosshole georadar survey, or whether a separate source wavelet
estimation should be performed for each transmitter gather. Tests
with synthetic and field data indicate that remarkably good tomographic reconstructions can be obtained using a single estimated
source pulse when moderate to strong variability exists in the
true source signal with antenna location. Only in the case of
very strong variability in the true source pulse are tomographic
reconstructions clearly improved by estimating a different source
wavelet for each transmitter location.
Index Terms—Convolution, geophysical inverse problems, geophysical tomography, radar imaging, wavelet.

I. I NTRODUCTION

T

HERE is a strong need for high-resolution georadar-based
imaging of the shallow subsurface in many environmental,
hydrological, and engineering problems [1]–[5]. To this end,
waveform-based tomographic imaging of crosshole georadar
data has recently gathered significant interest because of its
potential for providing highly resolved images of complex nearsurface structure in terms of pertinent petrophysical parameters
[6], [7]. Indeed, this technique may provide subsurface images
with a resolution that is comparable to that of borehole logs
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and thus roughly one order-of-magnitude higher than that of
conventional ray-based tomographic images [8]. Over the past
three decades, significant developments have been made in the
field of seismic waveform inversion (e.g., [9]–[21]), whereas
comparable efforts towards crosshole georadar waveform inversion have only been recently undertaken [6], [7], [22]–[24].
The latter algorithms are all based on conjugate-gradient optimization schemes in conjunction with finite-difference solutions of Maxwell’s equations in 2-D Cartesian coordinates.
This methodology has shown much promise for reconstructing
the distribution of both the dielectric permittivity and electrical conductivity under challenging real-world conditions,
and has seen the successful application to field data. Whereas
Ernst et al. [6], [7] and Kuroda et al. [22], [23] invert only for
the vertical component of the electric field, Meles et al. [24]
have built on this work to allow use of both the vertical and horizontal components. Moreover, the algorithm of Meles et al. [24]
allows for a simultaneous inversion of the dielectric permittivity and the electrical conductivity, whereas the algorithms of
Ernst et al. [6], [7] and Kuroda et al. [22], [23] require a
cascaded, sequential approach.
A crucial prerequisite for exploiting the full potential of
waveform tomographic inversion schemes is having an accurate
estimation of the source wavelet (e.g., [9]). This information
is used to generate predicted data, which are then compared
with the observed data to determine how the underlying model
parameters should be updated. In general, the source wavelet is
unknown a priori and, because of the complex interactions that
occur between a source and its immediate surroundings, potentially variable as a function of the source location. As a result,
it must be estimated in some manner from the recorded data.
From a conceptual point of view, the most elegant way to estimate the source wavelet in waveform inversion is to augment
the inverse problem with an additional set of model parameters
(e.g., [9], [25]). In practice, however, this approach tends to be
highly sensitive to the values of the starting model and hence
is strongly susceptible to local minima [26]. Alternatively, the
source wavelet can be estimated using a deconvolution-based
approach (e.g., [18], [27]–[31]). In this regard, Ernst et al. [7]
proposed a relatively simple iterative deconvolution technique
for crosshole georadar, whereby the source wavelet is estimated
prior to waveform inversion and can be updated during the
inversion procedure if convergence proves difficult.
In previous related studies, we have explored the sensitivity
of this source wavelet estimation approach with regard to
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realistic heterogeneity in the dielectric permittivity and electrical conductivity as well as with regard to the presence of
ambient noise and unaccounted for dispersive behavior [26],
[32]. The results of these extensive tests with synthetic and
field data indicate that strong heterogeneity in the dielectric
permittivity and/or the electrical conductivity, the presence of
significant amounts of ambient noise in the data, and errors
and uncertainties in the initial estimate of the source wavelet
have remarkably little effect on the robustness and adequacy of
the estimated source wavelet [26]. In the presence of dispersive
behavior, this approach provides an estimate of an “effective”
source wavelet, which partially accounts for the distortion of
the source signal due to frequency-dependent velocity and attenuation along its propagation path. For weakly to moderately
dispersive media, as characterized by frequency-independent
quality factors Q of 40 and 20, respectively, such effective
source wavelet estimates were found provide adequate waveform tomographic reconstructions which are vastly superior to
their ray-based counterparts. Conversely, this approach starts to
break down for strongly dispersive media, as characterized by
Q < 20 [32]. In this context, it is, however, important to note
that, for such media, it is very unlikely anyway that one could
record crosshole georadar data with sufficiently high signal-tonoise ratios to be amenable to any kind of tomographic imaging,
be it ray or waveform based.
It is, however, well known that significant variability in the
georadar source pulse as a function of the transmitter location may result from changes in near-field conditions. Indeed,
roughness along the borehole wall and changes in the electrical
properties of the borehole fluid and surrounding materials can
significantly affect the coupling of an antenna to its surroundings (e.g., [33]–[35]). Hence, an important issue, which we
explore in this study, is whether a single, average source pulse
will allow for adequate waveform tomographic reconstructions
when the true radiated source pulses vary with antenna position,
or whether the source signal should be estimated for each
transmitter location separately. To investigate this problem, we
first invert a number of synthetic data sets exhibiting different
degrees of source pulse variability with transmitter location
using 1) the true source wavelets, 2) a single average estimated
source wavelet, and 3) multiple source wavelets estimated for
each transmitter position separately. To evaluate the results,
the estimated source wavelets and waveform tomograms are
compared to the true source wavelets and the corresponding subsurface model, respectively. Next, we consider a field
data set collected at the Boise Hydrogeophysical Research
Site near Boise, Idaho, USA, where we compare neutron
porosity log measurements with porosities inferred along the
boreholes from waveform-based tomographic reconstructions
obtained using a single source wavelet and multiple estimated
source wavelets.

II. M ETHODOLOGICAL BACKGROUND
A. Forward Modeling
The core of the waveform inversion algorithm considered in
this study is a finite-difference solution of Maxwell’s equations
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in 2-D Cartesian coordinates [36], [37]. In a typical borehole georadar experiment, emitters and receivers correspond to
dipole-type antennas that are aligned with the borehole axis,
which in turn often coincides approximately with the z-axis
of the local coordinate system (e.g., [38]). Therefore, borehole
georadar surveys are concerned primarily with the vertical
component of the transmitted electric field that is parallel
to the transmitting and receiving antennas, such that in 2-D,
the so-called transverse electric set of Maxwell’s equations is
most appropriate for the purpose of modeling and inversion
(e.g., [6], [7])


1
∂Hy
∂Ex
=
− σEx
(1a)
−
∂t
ε
∂z


1 ∂Hy
∂Ez
=
− σEz
(1b)
∂t
ε
∂x


1 ∂Ez
∂Ex
∂Hy
=
−
(1c)
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µ ∂x
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where ε is the dielectric permittivity, µ is the magnetic permeability, σ is the electric conductivity, and t is time. E and H
denote the electric and magnetic field components, respectively,
and x, y, and z refer to the three spatial directions of a 3-D
Cartesian coordinate system. In most practically relevant cases,
the magnetic permeability µ can be assumed to be constant
and equal to its free-space value µ0 (e.g., [39]–[43]). Indeed,
this assumption is essentially universal in georadar studies and
can also be expected to be fully valid for the field example
from the Boise Hydrogeophysical Research Site considered in
this study [45] (J.H. Bradford, personal communication, 2012,
W. Barrash, personal communication, 2012).
Equations (1a)–(1c) can be solved through a staggered-grid
finite-difference time-domain (FDTD) approach that is secondorder accurate in both space and time [6], [7], [35], [36], [44],
[46]. It can be shown that for the FDTD algorithm considered in
this study, at least 10 to 20 grid points per minimum wavelength
are required to limit the detrimental effects of grid dispersion
(e.g., [37]). The transmitting and receiving georadar antennas
are approximated as infinitesimal dipoles, which is a reasonable
approximation for most modern commercial crosshole georadar
systems [6], [7], [35], [46], [47]. Artificial reflections at the
edges of the model space are minimized through the use
of generalized perfectly matched layer absorbing boundaries
[48], [49].
B. Waveform Inversion
The crosshole georadar waveform inversion scheme that we
consider in this study is based on the algorithm of Ernst et al.
[6], [7] and corresponds to an electromagnetic adaptation of the
method proposed by [9] for seismic data. The overall goal of the
waveform inversion procedure is to find the spatial distribution
of ε and σ that minimizes the misfit function
S=

1
E syn (xtrn , xrec , t, εsyn (x), σ syn (x))
2 z

 2
−Ezobs xtrn , xrec , t, εtrue (x), σ true (x) 

(2)
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where Ezsyn and Ezobs are the synthetic and observed vertical
components of the electric field at the receiver locations, and x
denotes the location in the model space. The model permittivity
and conductivity distributions to be estimated are given by
εsyn and σ syn , whereas εtrue and σ true represent the true
subsurface parameters. xtrn and xrec denote the transmitter and
receiver locations. Please note that bolded characters refer to
vectors and matrices. To ensure positive values for the physical properties and to aid convergence, we use logarithmically
scaled versions of the model parameters, as given by
 syn 
 syn 
ε (x)
σ (x)
 syn (x) = log

and σ
εsyn (x) = log
ε0
σ0
(3)

residual, between the observed and synthetic wavefields at the
receiver locations. Essentially, Ez res
back can be regarded as the
“missing” part of the wavefield that needs to be generated in
the next iteration of the inversion to eliminate the difference
between observed and modeled wavefields. The integrands in
(6a) and (6b) can be interpreted as zero-lag cross correlations
(e.g., [12]). Note that the additional time derivative of the
forward modeled electric field Ez syn
f wd in (6a) and (6b) serves
to transform the hard source used by our forward simulator into
the corresponding soft current source required by the algorithm
used to evaluate the gradients (e.g., [23], [24], [51]–[53]). The
complete crosshole georadar waveform inversion scheme then
proceeds as follows [6].

where ε0 is the free-space dielectric permittivity and σ0 is set
to 1 S/m.
To minimize the misfit function in (2), a conjugate-gradient
scheme is employed [50]. The model parameters are updated as
follows:

1) Choose an initial electrical property model, 
εsyn (x)k and
syn
 (x)k for k = 1. In general, this is obtained through
σ
a ray-based inversion of the first-arrival traveltimes and
maximum first-cycle amplitudes of the observed georadar
data Ezobs .
2) Compute the corresponding synthetic electric field
Efsyn
wd (x, t)k .
3) Determine the difference between the observed and synthetic vertical electric field at each receiver location, and
use these residuals as source signals and the receiver
positions as source locations to perform a corresponding
FDTD simulation backward in time to obtain the backres
(x, t)k .
propagated wavefield Eback
(x)k and γ
(x)k using
4) Compute the gradient directions γ
ε
σ
(6a) and (6b).
and ζ
using the approach
5) Compute the step lengths ζ
εk
σk
of Pica et al. [15].
6) Update the model using (4a) and (4b).
7) Repeat steps 2 through 6 until convergence has been
achieved. Practically, this is assessed by the rate at which
the objective function S, as quantified by (2), diminishes
between subsequent iterations. In the applications presented in this study, we assume to reach convergence
when S changes by less than 1%.
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(x)k and c
(x)k are the conjugate gradient update
where c
ε
σ
and ζ
are the cordirections for the kth iteration and ζ
εk
σk
and
ζ
, we follow
responding step lengths. To calculate ζ

εk
σk
closely the approach of Pica et al. [15]. The update directions
are obtained using the following formulas:
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σ
where the superscript T denotes the transpose operator, and
and γ 
are the gradient directions, for which Ernst et al.
γ
ε
σ
[6] derive the following expressions in terms of the original
nonscaled electrical material parameters
(x)k = ε
γ
ε

syn
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Here, Tmax denotes the maximum observation/modeling time,
res
Ez syn
f wd is the forward propagated wavefield, and Ez back corresponds to the backpropagation in time of the difference, or

Based on the above description it is clear that this algorithm,
and indeed backpropagation-based waveform inversion algorithms in general, are not amenable to any standard regularization approaches, such as, for example, damping and smoothing,
which are commonly used for linearized-least-squares-type inversions [54], [55].
The waveform inversion algorithm used in this study requires
three FDTD simulations for each iteration as well as the storage
of the corresponding vertical electrical field components for
every cell of the model space. While no obvious shortcuts are
possible with regard to the computational load of the forward
and backward FDTD simulations, the memory requirements
can be dramatically reduced by averaging several modeling
cells into a single inversion cell. In general, we therefore
average either four or nine FDTD cells into one inversion cell
before calculating the conjugate gradient. After evaluating the
conjugate gradient for each cell, these larger inversion cells are
again subdivided into the corresponding smaller FDTD cells
for the subsequent calculations outlined above. Our experience
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indicates that this procedure allows for reducing the memory
requirements by roughly one order of magnitude [6]–[8]. The
reason why no obvious shortcuts are possible with regard to
the computational load of the forward and backward FDTD
simulations is that the spatial discretization of the model required to control the accumulation of numerical errors caused
by grid dispersion is much finer than the spatial resolution of
the considered wavefield.
C. Source Wavelet Estimation
In the absence of pronounced nonlinear phenomena, such
as multiple scattering or strong dispersion, a crosshole georadar measurement can be effectively approximated as the
convolution of the Earth’s impulse response with the georadar
source wavelet. As a result, deconvolving this impulse response
from the measured data should yield an estimate of the source
wavelet, and performing the deconvolution using a number of
different measurements should increase the robustness of that
estimate.
The true impulse response of the earth is a priori unknown,
but Ernst et al. [7] showed that a reasonable approximation
can be obtained by forward modeling through an approximate
subsurface property model, such as that obtained using standard
ray-based tomography. In other words, we can first calculate
synthetic georadar data through our best guess of the subsurface
model using a known “starting” source wavelet and then deconvolve this known wavelet from the synthetic data in order to get
an estimate of the Earth’s impulse response. In the frequency
domain, this is expressed as follows for a given transmitterreceiver configuration
M̃ (xtrn , xrec , ω) = Ẽ

syn

(xtrn , xrec , ω) S̃

ini

(ω)

−1

(7)

where ω dentoes angular frequency, M̃ the approximate impulse response of the earth, Ẽ syn the synthetic georadar data,
S̃ ini the known initial wavelet, and xtrn and xrec the transmitter and receiver locations, respectively. In our approach, S̃ ini is
obtained by averaging the first cycle of all waveforms recorded
when the corresponding transmitter and receiver antennas are
horizontally aligned [56]. However, any other realistic estimate
of the source wavelet with comparable amplitude and phase
spectra could be used [7], [26]. The next step is to estimate the
unknown field source wavelet S̃ est by deconvolving M̃ from
the observed field georadar data Ẽ obs
S̃ est (xtrn , xrec , ω) = Ẽ obs (xtrn , xrec , ω)
× M̃ (xtrn , xrec , ω)

−1

.

(8)

Please note that, in principle, the Earth’s impulse response
M̃ and the corresponding estimation of the source wavelet S̃ est
need to be evaluated separately for each transmitter-receiver
configuration considered [(7) and (8)]. In practice, however,
a single average source wavelet is commonly employed [7].
Given the overdetermined nature of the problem described by
(8), as characterized by far more data than unknowns, the
globally best-fitting single source wavelet can then be estimated

through a linearized least-squares optimization procedure. Arguably, the key objective and the major potential merit of
this approach are to reduce the influence of noise and thus to
increase robustness of the estimated average source wavelet [7].
Once the source wavelet has been estimated, the previously
described crosshole georadar waveform inversion algorithm can
be run until convergence is achieved. If eventual convergence
seems unlikely after a certain number of iterations, in our
experience approximately ten, then an iterative source wavelet
refinement may be required. This involves using the current
subsurface model to obtain an improved estimate the Earth’s
impulse response, which in turn is used to obtain an enhanced
estimate of the source wavelet. Through extensive testing of
this algorithm in a variety of realistic scenarios, we have found
that one iteration of the source wavelet estimation procedure
described by (7) and (8) is in most cases sufficient [26]. Only
very complex subsurface structures and/or inadequate starting
models tend to require an iterative refinement of the estimated
source wavelet.
Evidently, the source wavelet estimation approach described
above is in principle only valid when the variability in the
source pulse between different transmitter locations is benign,
which is indeed commonly not the case. In the following, we
therefore explore the limits of this classical approach as well as
the potential benefits to waveform inversion that can be gained
from estimating a separate source wavelet for each transmitter
position.

III. R ESULTS
A. Synthetic Tests
To investigate whether a single estimated source wavelet can
adequately reproduce the pulses radiated during a crosshole
georadar survey in the case where the true source pulses vary
with antenna location, we apply the wavelet estimation and
waveform inversion algorithms outlined above to three synthetic data sets. All of these data sets are based on the same
underlying model of subsurface electrical properties, but each
has a different degree of variability in the true source signal
as a function of the transmitter location. That is, the data sets
simulate different amounts of variability in the wavelet radiated
by the transmitter antenna with regard to its position in the
borehole. Such source wavelet variability is indeed likely to
occur in practice because of changing near-field conditions
[33], [47]. We carry out the waveform inversion of the three data
sets using 1) the true source wavelets, 2) a single, or average,
estimated source wavelet based on the data from all transmitter
gathers together, and 3) multiple estimated source wavelets
based on the data from each transmitter gather separately. We
then compare the source wavelet estimates and resulting waveform tomograms in order to assess the benefits and drawbacks
of using a single versus multiple estimated source wavelets in
each case. Please note that, for simplicity, we only consider
heterogeneity in the dielectric permittivity in this study. The
magnetic permeability and electrical conductivity are assumed
to be known and constant, and equal to the permeability of
free space µ0 and 2 mS/m, respectively. The assumption of a
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Fig. 1. (a) Dielectric permittivity model used to generate the synthetic data
in this study. (b) Corresponding ray-based traveltime inversion tomogram that
was used as an initial model for the source wavelet estimation and waveform
inversions.

nonmagnetic subsurface is, as outlined before, reasonable and
adequate for the overwhelming majority of practically relevant
situations [39]–[41], [43]. The effects of heterogeneity in the
electrical conductivity were explored in a previous related study
[26], which demonstrated that this only affects the amplitudes,
but not the phase, of the received signal and hence can be
ignored when working with normalized or relative amplitudes
as we do here.
Fig. 1(a) shows the dielectric permittivity model upon which
the three synthetic data sets are based. The model exhibits a
realistic, highly heterogeneous layered structure that is characterized by band-limited scale invariance. To generate the model,
we used a spectral geostatistical simulation technique [8],
[57] based on a von Kármán autocovariance function having
horizontal and vertical correlation lengths of 2 m and 0.2 m,
respectively, and a v-value of 0.05. These values allow us to
emulate the seemingly universal and ubiquitous “flicker noise”
character of petrophysical data [58]–[60]. The permittivity fluctuations have a standard deviation of ∼15% of the mean value
of 10ε0 , which corresponds to a standard deviation of ∼7.5%
of the mean value of 0.09 m/ns for the velocity fluctuations.
The type of heterogeneity seen in Fig. 1(a) can be regarded
as a realistic first-order abstraction of many surficial alluvial
environments (e.g., [61]–[63]), and hence serves as a pertinent
and challenging test case for the waveform inversion algorithm.
To generate synthetic crosshole georadar data corresponding
to Fig. 1(a) in each test case, we used the same FDTD solution
of Maxwell’s equations in 2-D Cartesian coordinates that is
employed in the waveform inversion procedure. We considered
41 transmitter antenna locations and 41 receiver antenna locations spaced every 0.5 m down the left and right edges of the
10-m-by-20-m modeling domain. Each of the FDTD simulations was run at less than 70% of the stability limit as defined by
the Courant criterion. The spatial discretization interval was set
to be 0.02 m, which ensured at least 15 grid points per minimum
wavelength and thus allowed us minimize numerical artifacts
related to grid dispersion in the resulting data [35], [37]. Please

note that the geometrical setup and dimensions of this model
as well as the number of transmitters and receivers can, for all
practically relevant intents and purposes, be regarded as being
representative of the vast majority of experimental setups used
for crosshole georadar imaging. This far-reaching and effective standardization of the experimental design for crosshole
georadar and seismic data acquisition has been largely guided
by a combination of methodological considerations of optimal
resolution as well as by practical considerations of operational
and computational efficiency [16], [17], [43]. In this context,
it is also important to note that the experimental setup for the
acquisition of crosshole georadar is bistatic and thus consists
of one transmitting and one receiving antenna. As a result,
a transmitter gather is formed by keeping the transmitting
antenna at a given location in one borehole while covering all
of the recording positions by moving the receiver antenna along
the other borehole.
Fig. 1(b) shows the tomographic image that we obtained
from the ray-based inversion of the first-arrival traveltimes
corresponding to Fig. 1(a). The latter were obtained by applying
a semi-automatic picking procedure to the synthetic data. The
tomogram in Fig. 1(b) served as the initial model for both our
source wavelet estimation and waveform inversion procedures.
Note the inherent smoothness and associated limitations in
resolution of the ray tomogram compared to the true model in
Fig. 1(a). It is these limitations that we aim to overcome through
the use of waveform inversion.
We first consider the case of weak variability in the true
source wavelet as a function of transmitter position. Fig. 2(a)
shows the 41 source wavelets that were randomly distributed
over the transmitter locations and used to generate the synthetic data for this example. They are Ricker wavelets having
different amplitudes and slightly different frequency content as
characterized by a standard deviation of 4.5% with regard to
the mean dominant frequency of 110 MHz. In Fig. 2(b), we plot
the source wavelets that were estimated from the corresponding
synthetic data. The single average estimated wavelet obtained
using the data from all transmitter gathers is shown in red,
whereas the multiple estimated source wavelets considering
each transmitter gather separately are shown in blue. Overall,
there is good agreement between the true and multiple estimated source wavelets, and the single average wavelet is seen
to provide a good representative pulse. Note, however, that all
of the estimated source wavelets are of slightly lower amplitude
than the true wavelets. This is because the ray-based tomogram
that we used to approximate the Earth’s impulse response is too
smooth to completely account for all of the effects of scattering
[Fig. 1(b)]. That is, there exists scattering attenuation in the
crosshole data that is not predicted when using the approximate
Earth impulse response based on the ray tomogram, and thus
the estimated wavelets must be reduced in amplitude to match
the true data.
Fig. 3(a)–(c) shows the waveform tomographic reconstructions of dielectric permittivity that were obtained from the
synthetic data using the true source wavelets, the single estimated wavelet based on all transmitter gathers, and the multiple
estimated wavelets based on each transmitter gather separately.
Fig. 3(d)–(f) shows the corresponding residual tomograms,
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Fig. 2. Weak variability in the true source pulse with transmitter location. (a) True source wavelets randomly assigned to the 41 transmitter locations. (b) Source
wavelet estimated using the data from all transmitter gathers together (red) versus multiple source wavelets estimated using the data from each transmitter gather
separately (blue). Amplitudes are normalized by the overall maximum amplitude of the true and estimated wavelets.

Fig. 3. Weak variability in the true source pulse with transmitter location. Top row: Waveform permittivity tomograms obtained using (a) the true source
wavelets, (b) a single estimated source wavelet based on all transmitter gathers, and (c) multiple estimated source wavelets based on each transmitter gather
separately. Bottom row: Percentage deviation between the tomograms in (a)–(c) and the true dielectric permittivity model in Fig. 1(a).

which we define as the percentage deviation of the waveform
tomograms from the true model in Fig. 1(a). Looking at these
results, we see that all three waveform inversions allow for a
greatly superior reconstruction of the true permittivity model

compared to the ray-based traveltime inversion result shown in
Fig. 1(b). This clearly illustrates the significant improvements
in resolution that can be obtained through waveform inversion and provides further motivation for work in this domain.
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Fig. 4. Moderate variability in the true source pulse with transmitter location. (a) True source wavelets randomly assigned to the 41 transmitter locations.
(b) Source wavelet estimated using the data from all transmitter gathers together (red) versus multiple source wavelets estimated using the data from each
transmitter gather separately (blue). Amplitudes are normalized by the overall maximum amplitude of the true and estimated wavelets.

Looking at Fig. 3(b) and (c), we see that a number of small
artifacts appear in the waveform reconstructions near the left
model edge where the transmitter borehole is located. These
artifacts are characteristic of the inversion scheme attempting to compensate for inaccuracies in the forward model [7],
here caused by differences between the true and estimated
wavelets. That is, the algorithm has placed heterogeneity near
the transmitter locations in order to compensate for errors in
the assumed source wavelets. The artifacts in Fig. 3 are visibly
worse for the case of a single, or average, estimated wavelet
[Fig. 3(b)] compared to using multiple wavelets estimated for
each transmitter location separately [Fig. 3(c)], because the
former cannot address the fact that the true source pulse varied
with the transmitter antenna location. Nevertheless, the artifacts
in Fig. 3(b) are minor, and we can conclude that, in the case of
weak variability of source wavelet, a single estimated wavelet
is adequate to obtain an excellent waveform-based tomographic
reconstruction.
Next, we consider the case of moderate variability in the true
source wavelet with transmitter position and perform the same
analysis as above. Fig. 4(a) shows the true source pulses considered in this example, which again were distributed randomly
among the 41 transmitter locations and used for the synthetic
modeling. We obtained these source wavelets by applying our
wavelet estimation procedure to field data collected at the
Boise Hydrogeophysical Research Site near Boise, Idaho, USA
[7], [45]. The field data are considered in further detail in
Section III-B. The wavelet amplitudes in Fig. 4(a) can be seen
to vary significantly, and the differences in frequency content
are quantified by a standard deviation of 12% with regard to the
average center frequency of 89 MHz. The somewhat “ringy”
character of the wavelets is related to the fact the boreholes
were filled with water [7], [35]. In Fig. 4(b), we show the single
wavelet estimated from the corresponding synthetic data based
on all transmitter gathers in red, and the multiple estimated
source wavelets considering each transmitter gather separately
in blue. Again, the overall agreement between the multiple
estimated source wavelets compared to the true source wavelets

is good, and the single estimated wavelet can be considered to
be adequately representative.
Fig. 5 shows the waveform tomograms obtained using the
true source wavelets, the single estimated source wavelet, and
the multiple estimated source wavelets, as well as the percent
difference between these tomograms and the true permittivity
model in Fig. 1(a). Again, all three tomographic reconstructions
clearly represent a significant improvement in resolution compared to the ray-based inversion result in Fig. 1(b), and both a
single estimated average source wavelet and multiple estimated
wavelets for each transmitter gather are able to provide reconstructions that are very close to the best possible image obtained
when the true source wavelets are known. Artifacts again appear
along the left model edge in Fig. 5(b) and (c) as a result of
the inversion scheme trying to compensate for errors in the
estimated source wavelets. These artifacts are slightly greater
in Fig. 5(b) than in Fig. 3(b) because of the greater amount of
source wavelet variability in this example, but they can still be
considered as rather benign.
For our third test, we consider the case of extremely strong
variability in the true source wavelet as a function of transmitter
position. To do this, we generate synthetic data using highly
variable wavelets characterized by phase differences of up to
180◦ and significantly different maximum amplitudes and center frequencies ranging between 79 and 116 MHz [Fig. 6(a)].
This set of source wavelets represents a mix of the wavelets
used in the two previous tests. The corresponding multiple estimated source wavelets based on each transmitter gather again
show good agreement with the true source wavelets [Fig. 6(b)].
However, the single average source wavelet estimated using
the data from all transmitter gathers now clearly fails to be
representative of any of the true wavelets in Fig. 6(a). Consequently, the waveform tomographic reconstruction obtained
using this wavelet [Fig. 7(b)] is inferior to that obtained using
the true source wavelets [Fig. 7(a)] and that obtained using
the estimated wavelets based on each transmitter gather separately [Fig. 7(c)]. In this case, using multiple estimated source
wavelets for each transmitter location is critical for obtaining
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Fig. 5. Moderate variability in the true source pulse with transmitter location. Top row: Waveform permittivity tomograms obtained using (a) the true source
wavelets, (b) a single estimated source wavelet based on all transmitter gathers, and (c) multiple estimated source wavelets based on each transmitter gather
separately. Bottom row: Percentage deviation between the tomograms in (a)–(c) and the true dielectric permittivity model in Fig. 1(a).

Fig. 6. Strong variability in the true source pulse with transmitter location. (a) True source wavelets randomly assigned to the 41 transmitter locations. (b) Source
wavelet estimated using the data from all transmitter gathers together (red) versus multiple source wavelets estimated using the data from each transmitter gather
separately (blue). Amplitudes are normalized by the overall maximum amplitude of the true and estimated wavelets.

a high-quality waveform tomographic image. Indeed, Fig. 7(c)
is highly similar to Fig. 7(a) and matches very well the true
dielectric permittivity model in Fig. 1(a).

For our final test, we assume the true source pulse to be
constant for each transmitter location. Fig. 8 then compares this
pulse with the corresponding single estimated source wavelet
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Fig. 7. Strong variability in the true source pulse with transmitter location. Top row: Waveform permittivity tomograms obtained using (a) the true source
wavelets, (b) a single estimated source wavelet based on all transmitter gathers, and (c) multiple estimated source wavelets based on each transmitter gather
separately. Bottom row: Percentage deviation between the tomograms in (a)–(c) and the true dielectric permittivity model in Fig. 1(a).

Fig. 8. Comparison of the constant true source pulse used at all of the transmitter locations (black), single source wavelet estimated using the data from
all transmitter gathers together (red), and multiple source wavelets estimated
using the data from each transmitter gather separately (blue). Amplitudes
are normalized by the overall maximum amplitude of the true and estimated
wavelets.

based on all transmitter gathers and the multiple estimated
source wavelets based on each gather separately. The corresponding tomographic reconstructions and residual tomograms

are shown in Fig. 9. Notice in Fig. 8 that the single estimated
wavelet based on all transmitter gathers matches the true source
pulse quite well, whereas the multiple estimated wavelets differ
rather notably. This is due to the fact that far fewer traces are
available to infer a separate wavelet for each transmitter position, which reduces the robustness of the deconvolution-based
estimate when the source wavelet does not actually vary with
location [7]. As a result, in this case, the waveform tomographic
reconstruction obtained using the multiple estimated wavelets
[Fig. 9(c)] contains more artifacts than the reconstruction based
on a single estimated wavelet [Fig. 9(b)]. This clearly illustrates
the caveats and potential pitfalls of the procedure explored
in this study. Specifically, our results indicate that estimating
multiple source wavelets based on fewer data is only truly
warranted when there is convincing evidence for pronounced
variability of the source wavelet as a function of the transmitter
position. This is arguably a key finding of this sensitivity study
and an important result per se.
Please note that that the persistent blue feature in all of the
residual plots [Figs. 3(d)–(f), 5(d)–(f), 7(d)–(f), and 9(d)–(f)] at
around 1-m depth is related to the fact that, in this region, we
have very poor constraints on the subsurface velocity structure
because of poor coverage by the propagating georadar energy.
In other words, the recorded georadar data are not very sensitive
to features in this region. The particular mentioned feature
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Fig. 9. No variability in the true source pulse with transmitter location. Top row: Waveform permittivity tomograms obtained using (a) the true source wavelets,
(b) a single estimated source wavelet based on all transmitter gathers, and (c) multiple estimated source wavelets based on each transmitter gather separately.
Bottom row: Percentage deviation between the tomograms in (a)–(c) and the true dielectric permittivity model in Fig. 1(a).

represents a small low-velocity zone in the true subsurface
model [Fig. 1(a)] that is not well resolved in the various
reconstructions. The model cell values in this region tend to
remain at those of the ray-based starting model [Fig. 1(b)]. The
poor resolution due to limited coverage is likely exacerbated by
the higher velocity zone located above, through which most of
the georadar energy will propagate. Conversely, the previously
discussed artifacts in the vicinity of the transmitter locations in
Figs. 3, 5, 7, and 9 are inherent to the backpropagation of the
residual wavefield used for the model adjustment and the nonamenability of this inversion approach to standard regularization
procedures [55].
In an attempt to quantify the findings of this sensitivity
study, we have evaluated the root-mean-square (RMS) error of
the tomographically reconstructed distributions of the dielectric
permittivity [Figs. 3(a)–(c), 5(a)–(c), 7(a)–(c), and 9(a)–(c)]
with regard to the underlying true model [Fig. 1(a)]. The
corresponding results are shown in Table I. Unfortunately, these
RMS values are strongly biased by the aforementioned artifacts
in the vicinity of the transmitter locations. This in turn results
in a generally increasing RMS with decreasing variability of

TABLE I
RMS D IFFERENCE B ETWEEN THE U NDERLYING T RUE M ODEL OF THE
D IELECTRIC P ERMITTIVITY S TRUCTURE [F IG. 1(a)] AND W ITH R EGARD
TO THE C ORRESPONDING T OMOGRAPHIC R ECONSTRUCTIONS FOR W EAK
[F IG. 3(a)–(c)], M ODERATE [F IG. 5(a)–(c)], S TRONG [F IG. 7(a)–(c)], AND
NO VARIABILITY OF THE S OURCE WAVELET [F IG . 9(a)–(c)]

the source wavelet, which is clearly counterintuitive to the
qualitative visual perception of the corresponding tomographic
reconstructions [Figs. 3(a)–(c), 5(a)–(c), 7(a)–(c), and 9(a)–(c)]
and their corresponding percentage deviations [Figs. 3(d)–(f),
5(d)–(f), 7(d)–(f), and 9(d)–(f)] with regard to the underlying
model [Fig. 1(a)].
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Fig. 10. Schematic diagram of the crosshole georadar experiment conducted
at the Boise Hydrogeophysical Research Site. “Trn” and “Rec” denote the
transmitter and receiver, respectively; only the first and last antenna locations
are shown. The unit boundaries (dashed yellow lines) were determined based
on borehole porosity logs. Adapted from Ernst et al. [7].

B. Field Data Example
We now investigate the use of single versus multiple estimated source wavelets when performing waveform inversion of
a real crosshole georadar data set collected at the Boise Hydrogeophysical Research Site near Boise, Idaho, USA. This site
consists of a dense network of boreholes that have been used
over the past ∼15 years to conduct a wide range of geological,
hydrological, geochemical, and geophysical experiments (e.g.,
[45], [63]–[67]). The geology at the site is characterized by an
approximately 20-m-thick alluvial layer consisting of braidedriver gravels and sands with minimal fractions of silt and clay
underlain by a layer of red clay, which serves as the basal
aquitard for the corresponding unconfined surficial aquifer. At
the time the georadar data were acquired, the groundwater table
was at a depth of 2.96 m below measuring point (bmp) or
2.36 m below the land surface. A schematic diagram of the
crosshole experiment is shown in Fig. 10. The georadar data
were acquired between boreholes C5 and C6, which have a
diameter of approximately 10 cm. Both boreholes are slightly
deviated and are roughly 8 m apart. The data acquisition was
carried out from ∼4 to ∼19.5 m depth bmp, which ensured that
the antenna elements were completely below the groundwater
table. Over this depth range, the boreholes penetrate three
different pebble- and cobble-dominated zones with avearge

Fig. 11. (a) Comparison of the single estimated source wavelet based on all
transmitter gathers (red) with the multiple estimated source wavelets based on
each transmitter gather separately (blue). (b) The same as (a), except that the
estimated source wavelets are based on receiver gathers.

porosities of approximately 21%, 26%, and 23%. This zonation, which is largely based on the interpretation of crosshole
georadar data [7], [45], is, with minor differences in detail,
consistent with evidence from high-resolution neutron porosity
logs, [64], capacitive conductivity logs [67], and analyses of
core material [65]. A total of 77 transmitter locations and
40 receiver locations were used for the crosshole georadar
survey, with spacings of 0.2 m and 0.4 m down the C6 and
C5 boreholes, respectively. Although a 250-MHz RAMAC
borehole georadar system was employed, the recorded data
have a dominant frequency of approximately 80 MHz because
the borehole fluid and surrounding water-saturated sediments
make the antenna “electrically longer” than when it is employed
in air (e.g., [35], [47]).
Processing of the georadar data involved removal of the DC
component and application of a 0–250 MHz zero-phase lowpass filter. For the waveform inversions, we only consider data
where the absolute transmitter-receiver angle was less than 45◦
from the horizontal in order to avoid potential problems with
high-angle measurements [7], [34]. Anisotropy in the georadar
velocity was previously determined to be negligible at the site
and the probed subsurface region was found to be largely
nondispersive [7]. As in our synthetic examples, we only invert
for the dielectric permittivity and assume that the magnetic
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Fig. 12. (a) Ray-based traveltime inversion tomogram that was used as an initial dielectric permittivity model for the source wavelet estimation and waveform
inversions for the field data from Boise Hydrogeophysical Research Site. This is compared with the waveform permittivity tomograms obtained using: (b) a single
estimated source wavelet based on all transmitter gathers; (c) multiple estimated source wavelets based on each transmitter gather separately; (d) a single estimated
source wavelet based on all receiver gathers; (e) multiple estimated source wavelets based on each receiver gather separately.

permeability and electrical conductivity are known and equal to
constant values of µ0 and 2 mS/m, respectively. Evidence from
extensive earlier work clearly suggests that the almost universal
assumption of an essentially nonmagnetic subsurface (e.g.,
[39]–[43]) is justified for this site [45], [J.H. Bradford, personal
communication, 2012]. Indeed, magnetic susceptibility values
in SI from corresponding logs run in boreholes C5 and C6 range
approximately between 0.001 and 0.005 (W. Barrash, personal
communication, 2012). This in turn implies that the maximum
error of the assumption µ = µ0 is of the order of 0.5% or
less, which for all practical intents and purposes is negligible.
Moreover, a previous sensitivity analysis has shown that, for
the physical model considered in this study, variations in the
electrical conductivity only result in corresponding variations

of the absolute amplitude of the estimated source wavelet,
but do not affect its phase [26]. Given that we are working
with normalized source wavelets, the assumption of a constant
conductivity, corresponding approximately to the average value
of the probed volume [45], is therefore adequate.
As in our synthetic examples, we invert the field data considering a single average source wavelet estimated using the data
from all transmitter gathers together, and multiple estimated
source wavelets based on the data from each transmitter gather
separately. In addition, we also consider reciprocity [68] in the
field example in order to investigate the influence of variations
in the recorded georadar signal due to differences in receiver
antenna coupling with position. In doing so, we invert the data
using a single source wavelet estimated from all of the receiver

4622

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 50, NO. 11, NOVEMBER 2012

gathers together and multiple estimated source wavelets based
on each receiver gather separately. For the latter two cases,
the receiver positions were used as the transmitter positions
during the inversion procedure. For each inversion, we compare
the resulting waveform tomograms with neutron porosity logs
acquired along boreholes C5 and C6 [45] by converting the
dielectric permittivity values obtained along the boreholes to
porosity using the complex refractive index method formula
(CRIM) [69].
Fig. 11(a) and (b) show the different source wavelets that
were estimated from the field data based on the transmitter and
receiver gathers, respectively. We see that estimating a wavelet
based on each receiver gather separately leads to more variability in the estimated wavelets than when each transmitter gather
is considered separately. Also, note that the estimated source
wavelet based on all transmitter gathers together is similar to the
estimated source wavelet based on all receiver gathers together
and can be considered to be an adequate representative wavelet
in both cases. Fig. 12(a) shows the ray-based traveltime tomogram that was used as an initial model for the waveform inversion and source wavelet estimation procedures. Fig. 12(b)–(e)
then shows the waveform tomograms that were obtained in each
case. Notice that the waveform tomogram obtained using the
estimated wavelet based on all transmitter gathers [Fig. 12(b)]
is almost identical to its reciprocal counterpart based on all receiver gathers [Fig. 12(d)]. In contrast, the waveform tomogram
obtained using the estimated source wavelets based on each
transmitter gather separately [Fig. 12(c)] shows slight differences mainly along the transmitter borehole C6, where some
high permittivity zones, such as that at ∼15.5 m depth bmp,
are underestimated compared to Fig. 12(b) and (d). The same
holds true, possibly in an even more pronounced manner, for
the waveform tomogram obtained using the estimated source
wavelets based on each receiver gather separately [Fig. 12(e)].
In this case, the most prominent example is the high permittivity
zone at approximately 6 m depth bmp, which is clearly underestimated compared to Fig. 12(b)–(d). The latter observations
are corroborated by Fig. 13, where we compare porosities
obtained from the permittivity values along the boreholes in
each waveform tomogram in Fig. 12 with the corresponding
neutron porosity log data in boreholes C5 and C6.
Our explanation for the systematic underestimation of highpermittivity features along the boreholes when using multiple
estimated source wavelets is the following: If a different source
wavelet is estimated for each transmitter or receiver gather,
then strong fluctuations in the dielectric permittivity in the
immediate vicinity of the corresponding transmitter or receiver
locations tend to be compensated through the source wavelet
estimation procedure since the traces of the corresponding
transmitter or receiver gather used to estimate the wavelet
are primarily affected by this local heterogeneity. In other
words, just as we saw how errors in the source wavelet can
be compensated in the waveform tomograms by near-borehole
heterogeneity, the effects of near-borehole heterogeneity can be
compensated through the multiple estimated source wavelets.
Conversely, when estimating a single average source wavelet
based on all transmitter or receiver gathers together, the corresponding effects are limited to relatively few traces and tend to

Fig. 13. Comparison of neutron porosity logs along boreholes C5 and C6
(black) with porosities along these boreholes derived from the waveform
permittivity tomograms shown in Fig. 5(b) (light blue), Fig. 5(c) (green),
Fig. 5(d) (red), and Fig. 5(e) (blue).

be averaged out. In this context, it is important to emphasize
that the variability observed in the estimated source wavelets
based on each transmitter or receiver gather separately may
indeed not reflect actual variability in the true source wavelets.
Rather these variations might represent stochastic fluctuations
resulting from a smaller number of traces used for the estimation, which we explored in the last synthetic test case (Fig. 8),
or strong near-borehole heterogeneity unaccounted for in the
starting model. The fact that the waveform tomograms obtained
using a single estimated wavelet are more consistent with the
porosity-log data indicates that the latter may indeed occur in
the considered field data set. The stronger degree of variability
seen when we estimate a source wavelet for each receiver
gather separately [Fig. 11(b)], as opposed to each transmitter
gather separately [Fig. 11(a)], probably results from stronger
fluctuations in the dielectric permittivity close to borehole C5,
which we indeed see in the corresponding porosity log data.
C. Computational Aspects
The source wavelet estimation and waveform inversion procedures described and tested above are inherently parallel in
nature and hence lend themselves to be carried out on a
Beowulf-type high-performance computing cluster. The nodes
of the cluster we used for this purpose consist of 4 AMD
Opteron 6136 processors with 12 cores clocked at 2.2 GHz.
The inversion algorithm was parallelized by associating each
transmitter gather with a different core. An additional “master”
core then coordinates these “slave” cores.
The synthetic examples considered above contained 41 transmitter locations, which corresponds to 42 cores (1 master
and 41 slaves). The grid spacings used for the forward and
inverse problems are 0.02 and 0.06 m, corresponding to 549 ×
1050 and 183 × 350 cells, respectively. Convergence was
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reached after 40 iterations, each of which took approximately
25–30 min. For the field example, the 40 and 77 transmitter
gathers were allocated to 41 and 78 cores, respectively. Here,
the grid spacings for the forward and inverse problems were
0.02 and 0.14 m, corresponding to 504 × 833 and 72 × 119
cells, respectively. Approximately 45 iterations were needed to
reach convergence with each iteration taking approximately 6–7
min. The convergence time and number of iterations evidently
depend on the adequacy of the starting model. In this context, it
would be interesting to explore the relative benefits of standard
ray-based starting models versus more advanced methods, such
as, for example, tomographic inversions based on the Born
approximation [70], [71]. Additionally, it might be interesting
to consider a deconvolution-based Born-type approach for the
simultaneous estimation of the initial source wavelet and starting model of spatial distribution of the electrical parameters.
IV. C ONCLUSION
While the presence of spatial and/or temporal fluctuations in
the source wavelet in crosshole georadar surveying is widely
known and acknowledged, the importance of these fluctuations
for the newly emerging practice of waveform inversion of
such data has been as-of-yet largely unexplored. In particular,
it was not clear whether the common practice of using a
single estimated source wavelet averaged over all transmitter
positions is valid when source wavelet variability exists, and in
this case, whether the quality and resolution of the waveform
tomographic reconstructions could be improved by estimating
a separate source wavelet for each transmitter position. To
address these questions, we have tested and compared these two
different source wavelet estimation strategies through a series
of synthetic tests and application to a pertinent field data set.
The results of our synthetic tests indicated that the estimation
of separate source wavelets for each transmitter position is
only beneficial and warranted in the presence of very-strong-toextreme variability in the true source wavelets. In the presence
of moderate-to-strong source wavelet variability, the standard
approach of estimating a single average wavelet is entirely
adequate. Indeed, in the latter case, which is likely to be
representative of most situations of practical importance, the
estimation and use of multiple source wavelets may even result
in tomographic images of inferior quality compared to those
based on a single wavelet assumption. This observation can be
attributed to the fact that multiple source wavelets estimated for
each transmitter position separately are subject to significantly
greater stochastic uncertainty in the course of the estimation
procedure. Our synthetic results and their interpretation were
found to be fully consistent with findings based on the field data
set. Our tests on the field data also indicated that the use of multiple source wavelets is likely to be negatively affected by the
fact that the wavelet estimation procedure may be dominated
by pronounced heterogeneity in the immediate vicinity of the
considered transmitter location. Finally, it is important to note
that due to the far-reaching analogies between georadar and
visco-acoustic wave phenomena, the results and conclusions
of this study can be expected to be also fully valid for the
waveform-based inversion of crosshole seismic data.
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