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Model reliability for 3D electrical resistivity tomography: Application of the
volume of investigation index to a time-lapse monitoring experiment

Greg A. Oldenborger1, Partha S. Routh2, and Michael D. Knoll2

physical inversion or tomography is often limited by our inability to
practically assess the reliability of our final model estimates.
Central to solution appraisal is our resolving capability, the ability
of our data and inverse procedure to illuminate portions of the model
space. Unfortunately, no formal theory exists to deal with nonlinear
solution appraisal 共Menke, 1989; Snieder, 1998兲. Nevertheless, the
linearized model resolution matrix provides significant information
and has been applied primarily in a diagonalized sense to the 2D resistivity experiment 共Ramirez et al., 1993; Friedel, 2003兲 and, in a
column-wise fashion, to the 3D electromagnetic experiment 共Alumbaugh and Newman, 2000兲. However, computing the full model-resolution matrix remains difficult and expensive for large 3D problems
共Oldenborger et al., 2006兲. The unknown linearization error, the
computational burden, and the inability to interpret or incorporate
the amount of information obtained from the model-resolution matrix hinder its practical use for 3D solution appraisal.
Alternatively, we can think about assessing model reliability
based on the outcome of the inversion procedure using techniques
such as Monte-Carlo simulation 共Vasco et al., 1996; Ramirez et al.,
2005兲 or by estimating bounds on the model parameters 共Oldenburg,
1983兲. One such technique is presented by Oldenburg and Li 共1999兲
as the depth of investigation index 共DOI兲 for the 2D resistivity experiment. In essence, a limited exploration of model space is carried
out by performing several inversions of the data using different reference models. We adapt the procedure of the 2D DOI to a 3D volume of investigation index 共VOI兲 that can be applied to electrical resistivity tomography 共ERT兲. The VOI is simple to compute, and provides us with a pragmatic measure of reliability that is an approximate measure of the row-summed model resolution 共Miller and
Routh, 2006兲.
We first present a synthetic example to illustrate the procedure for
VOI computation, including some of the potential subjectivity associated with choosing reference models and capturing the nonlinearity of the inverse problem. The synthetic results demonstrate the applicability of the VOI as a tool for characterizing the model reliability for 3D ERT. We show how the VOI compares to the model resolution, and we contrast the results of VOI analysis with a more tradi-

ABSTRACT
Solution appraisal is difficult for large 3D, nonlinear inverse problems such as electrical resistivity tomography
共ERT兲. We construct the volume of investigation index 共VOI兲
as the sensitivity of the inversion result to a variable-reference model. This limited exploration of the model space provides an efficient and pragmatic method of appraisal for a
particular data set and a 3D model domain. We present a synthetic example to demonstrate the applicability of the VOI as
a tool for characterizing model reliability for 3D ERT and as a
method of survey design. We show how the VOI provides a
measure of model resolution and how insight gained from
VOI analysis cannot be gained through similar examination
of the average sensitivity distributions. In the context of ERT
monitoring of an injection/withdrawal experiment, we utilize
the VOI for judging the degree of reliability of hydrogeological interpretations that stem from features observed in the estimated electrical-conductivity models. We employ the VOI
for the experimental data as a comparative measure of survey
performance. For this experiment, the VOI shows that a larger, more artifact-free region of reliability is achieved using a
circulating vertical dipole-dipole survey geometry, as opposed to a horizontal dipole-dipole survey geometry. The experimental VOI distributions exhibit dependence on the
borehole infrastructure and the actual earth model.

INTRODUCTION
The inverse problem comprises an estimation component and an
appraisal component 共Snieder 1998; Scales and Snieder, 2000兲. In
the estimation component, we construct a model solution to fit the
data. In the appraisal component, we investigate the relationship between our estimated model and the actual model. Much attention is
paid to the estimation component, and rightly so. However, geo-
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tional analysis of the average sensitivity distribution to show that the
sensitivity is insufficient for characterizing the outcome of the inversion procedure. In the context of ERT monitoring of an injection/
withdrawal experiment in an unconfined alluvial aquifer, we apply
the VOI to experimental data for appraisal of our model estimates
and subsequent hydrogeologic interpretations. We compare the experimental VOI for different survey geometries and for different
stages of the monitoring experiment. In this fashion, the VOI proves
useful as a comparative measure of survey performance and for
identifying suspect model features as artifacts.

THE VOI RECIPE
Geophysical data are often inverted according to minimization of
a least-squares objective function that is regularized with a model
objective function of the form
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where m共r兲 is the model parameter, mref is a reference model that incorporates known information about the earth, and ␣ represents the
weight of each component of m 共Li and Oldenburg, 2000兲. The first
term of the model objective function 1 is the smallness component
that penalizes deviation of the estimated model from the reference
model; the remaining smoothness components penalize directional
variability.
As defined by Oldenburg and Li 共1999兲, the VOI is calculated according to the difference equation,
4
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where m2 is the model obtained via inversion with reference model
mref
2 and m 1 is the model obtained via inversion with reference model
mref
1 . The VOI provides a measure of the reliability of the inverse
problem as a sensitivity to reference conditions. Where the model is
reliable, the inversion result is largely independent of the chosen reference condition, and v approaches zero. Conversely, where the
model is unreliable, we can have two scenarios. 共1兲 There is little
data influence and the objective function is such that the recovered
model does not deviate significantly from the reference model. In
this case, v approaches unity. 共2兲 The inverse problem is highly
nonunique such that a change in the reference model can produce a
significant change in portions of the recovered model. In this case, v
is strictly unbounded, but rarely exceeds unity with the given scaling. Oldenburg and Li 共1999兲 consider only the first scenario, whereas we find the latter scenario to be informative, especially in 3D. The
VOI is significant in that it incorporates all aspects of the inversion
procedure, including the data sampling, the data noise, the model
discretization, the model regularization, and nonlinearity. Given the
limited exploration of model space, if one can solve the 3D inverse
problem, one can determine the VOI without much added expense.
Oldenburg and Li 共1999兲 develop their DOI algorithm based on
2D halfspace reference models. For m = ln共兲, where  is the electrical conductivity, the reference models can be chosen to be homogeneous with 2ref ⬎  ref ⬎ 1ref, such that 1ref and 2ref bracket the
best-fit half-space conductivity for the data  ref. However, the VOI
equation 2 can also be applied to 3D heterogeneous reference models. In 3D, we expect to lose reliability in all directions away from the
electrode infrastructure. Therefore, the condition given by Oldenburg and Li 共1999兲 pertaining to the influence of model smallness
must apply to all appropriate boundaries of our model 共possibly the
earth’s surface兲. The condition of smallness involves checking the
value of v at remote model boundaries to ensure that it is close to unity. Miller and Routh 共2006兲 demonstrate how an increasingly strong
smoothness component of the model objective function 1 results in
decreasing boundary values of v. For strong smoothing, an alternative algorithm may be required 共Oldenburg and Li, 1999兲. In all cases considered here, the applied 4:1 ratio of smoothness to smallness
is such that the boundary requirement of v ⬇ 1 is satisfied.
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Figure 1. Schematic representation of borehole infrastructure. The
lines of the cross section indicate views to be illustrated in subsequent figures that are both in-plane and out-of-plane with respect to
the boreholes. The northing cross section intersects boreholes B4,
A1, and B1, whereas the easting cross section intersects only A1.

Our synthetic example is constructed to mimic a 3D ERT installation in a shallow, unconfined alluvial aquifer with a preexisting borehole infrastructure illustrated in Figure 1. Borehole A1 and the surrounding boreholes B1, B2, B4, and B5 are each instrumented with
28 electrodes spaced at 0.5-m intervals from 2.1 to 15.6-m depth
below land surface. The background synthetic model 共mref兲 mimics
the aquifer and is based on water table measurements, fluid conductivity measurements, neutron porosity logs 共Barrash and Clemo,
2002兲, and cross-borehole georadar estimates of porosity 共Buursink,
2004兲.
The aquifer model consists of an unsaturated zone to 2-m depth
共 = 0.2 mS/m兲 over a saturated zone 共 = 1.5 mS/m兲. To simulate
a conductive-contaminant model, we add a conductive zone 共
= 30 mS/m兲 extending to ±0.75 m in the horizontal directions and
from 5 to 13-m depth surrounded by a less-conductive zone 共
= 10 mS/m兲 extending to ±1.5 m in the horizontal directions and

Volume of investigation for 3D ERT

The VOI distributions illustrate that the recovered images of electrical conductivity are generally reliable in the inter-borehole region
共Figure 2b兲. However, there are clear limitations of resolution. In
particular, the vertical dipole data 共Figure 4a兲 exhibit an outer vc
boundary that depicts the limit of data influence. Outside of the outer
boundary, the recovered models return to reference. As we move
away from the boreholes, we lose reliability near 6 m in the horizontal directions and near 1 m and 17–18-m depth. Within the interior
zone, we notice high-v features in the near-borehole portions of the
model domain at the top and bottom of the electrode strings 共Figure
4a, northing兲. Also in the interior zone, on the long sides of the borehole region, we encounter shadow zones of unreliability immediately outside of the B1-B5 and B2-B4 panels 共Figure 4a, easting兲. These
interior VOI features are indicative of model nonuniqueness 共or potential artifacts兲 where the recovered models do not return to reference. The high-referenced inversion places conductive artifacts in
the near-electrode region, and the low-referenced inversion places
conductive artifacts outside of the borehole perimeter in the shadow
zones 共not shown兲.

a)

b)
l1
V1
V2
V3
V4

V3
V2

B1

Synthetic VOI
V1

l1

A1
B5

a)

1.0

6
10

0.6

0.0

0.4

–4.0

14
18

0.8

4.0

B5
B2
–4.0 0.0 4.0
Easting, x (m)

B4
B1
–4.0 0.0 4.0
Northing, y (m)

0.2
–4.0 0.0 4.0
Easting, x (m)

Depth (m)

2
6
10
14
18
–4.0 0.0 4.0 –4.0 0.0 4.0
Easting, x (m) Northing, y (m)

B5

B2

B4

B1

2
6
10
14
18
–4.0 0.0 4.0 –4.0 0.0 4.0
Easting, x (m) Northing, y (m)

–2.5
–3.5

Figure 2. 共a兲 Synthetic and 共b兲 recovered conductivity models for
vertical dipole data. The background reference model consists of the
resistive unsaturated zone over the saturated half-space with the water table at 2-m depth. Dashed vertical lines indicate out-of-plane
boreholes; solid vertical lines indicate in-plane boreholes.
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Figure 3. Schematic representation of survey geometries. I1 indicates the first current dipole and Vi indicates the ith potential dipole
for that current dipole. 共a兲 Circulating skip-3 vertical dipole-dipole:
multiple passes are made with the potential dipole through all boreholes to address every possible electrode pair with the given skip
separation. 共b兲 Horizontal dipole-dipole: data are collected in an arrangement of two-borehole panels as shown to the right.
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We first compute the synthetic VOI assuming no knowledge of the
contaminant model. In this case, we invert background synthetic
data using high- and low-reference models that are scaled versions
of our background-reference model 共Figure 2a, aquifer only兲. We
compute the VOI distributions and follow the recommendation of
Oldenburg and Li 共1999兲 of a critical VOI value of vc ⬇ 0.2. However, the critical value is somewhat subjective, and it is more important
to identify the general boundary where the VOI transitions rapidly
from low to high values. Furthermore, in a strictly comparative
sense, vc represents a reference point, and its value is largely irrelevant.
Figure 4 illustrates the two-sided VOI obtained for the background synthetic data using high- and low-reference models both
scaled by a factor of 5 from background: 2ref = 5 ⫻  ref and 1ref
=  ref ÷ 5. The inversions for both survey geometries were carried
out to the same level of data noise. Doubling the standard deviation
of the applied noise or adding small levels of constant bias
共⬃0.5 V/A兲 to the data do not significantly affect the resulting VOI
共not shown兲.
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from 3 to 15-m depth 共Figure 2a兲. The models are parameterized using a finite-volume mesh composed of 282,567 conductivity cells
共58⫻ 58⫻ 84兲 with 0.25 m cell sizes over the central borehole region. Outside of the borehole region, from ±4 m outward and 18 m
downward, the mesh expands by a factor of 冑2 to ±80 m in the horizontal directions and 125-m depth.
Synthetic ERT data are computed for the background and contaminant models using two particular survey geometries illustrated in
Figure 3: 共1兲 circulating skip-3 vertical dipole-dipole 共e.g., Slater et
al., 2002兲, and 共2兲 horizontal dipole-dipole 共e.g., Zhou and Greenhalgh, 2000兲. To ensure a symmetric measurement sequence as described by Ramirez et al., 共2003兲, the horizontal dipole survey geometry involves treating the borehole pairs A1-B1, A1-B2, A1-B4, A1B5, B1-B2, B2-B4, B4-B5, and B5-B1 as sequential 2D panels. The
complete vertical and horizontal dipole-dipole surveys 共including
reciprocals兲 comprise 19,180 and 6048 quadrupole measurements,
respectively. We expect the vertical dipole-dipole data set to be the
more comprehensive data set as defined by Stummer et al. 共2004兲 in
2D. The synthetic data are contaminated with zero-mean normally
distributed random noise with 4% standard deviation. The data are
inverted over the mesh using the 3D regularized least-squares,
Gauss-Newton inversion of Li and Oldenburg 共2000兲. The regularization parameter is determined from a line search, and iteration proceeds, until the misfit is equal to the level of noise assigned to the
data. Figure 2b illustrates the estimated model obtained from the
synthetic vertical-dipole data.
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Figure 4. Two-sided VOI for the background synthetic data using
high- and low-reference models scaled by a factor of five. 共a兲 Vertical and 共b兲 horizontal dipole survey geometries. The black contour
depicts vc = 0.2. Horizontal slices are taken at 8-m depth.
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There are clear distinctions between the VOI for the vertical 共Figure 4a兲 and horizontal 共Figure 4b兲 dipole data sets. In contrast to the
vertical dipole data, the horizontal-dipole data exhibit a more constricted VOI. The outer boundary for the horizontal-dipole data extends neither as deep, nor as far in the horizontal directions as does
its vertical dipole counterpart. The horizontal-dipole data are limited
to approximately 2–17-m depth and 4–5 m in the horizontal directions. In addition to reduced extent, the VOI for the horizontal-dipole data also suggest a greater degree of uncertainty in the interborehole region, particularly along and near the B1-B5 and B2-B4
panels and at the electrodes. The VOI captures the propensity of the
inversion routine to place structure in the high-sensitivity near-electrode regions, which results in compromised reliability.

The VOI and resolution
To explore the relationship between the VOI and resolution, we
consider the generic linear inverse problem 共or the local linearized
problem兲 with a model resolution matrix R given by
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where e is the noise vector. For large 3D problems, computation of
R is difficult because of the need to invert H either directly or iteratively.
Computation of the VOI involves the differencing of two model
estimates with resolution matrices R1 and R2:
ref
ref
ref
m2 − m1 = mref
2 − m1 + R2共m̃ − m2 兲 − R1共m̃ − m1 兲,

共6兲
where we have dropped the noise term 共although noise is inherently
accounted for in R via 兲. Miller and Routh 共2006兲 observe that
when resolution is good, R1 and R2 approach the identity matrix, the
difference in equation 6 approaches zero, and v approaches zero. If
R1 and R2 are near-zero matrices, the difference in equation 6 approaches the difference in reference models, and v approaches unity.
When R1 ⬇ R2, equation 6 reduces to
ref
m2 − m1 ⬇ 关I − R兴共mref
2 − m1 兲.

共7兲

In this case, we see that the VOI value for the jth model parameter is
ref
the scalar product of the row vector 关I − R兴 j and 共mref
2 − m 1 兲. The
full VOI is an approximate row-summed measure of 关I − R兴.
To demonstrate this relationship requires a decimated version of
the synthetic experiment. Figure 5a illustrates a conductive target
共 = 30 mS/m兲 in a resistive background 共 = 1.5 mS/m兲. The
model comprises 2584 conductivity cells 共13⫻ 13⫻ 14兲 with 1 m3
cell sizes in the central region and an extent of ±15 m in the horizontal directions and 17-m depth. The experiment consists of 544 nonreciprocal vertical dipole-dipole data taken over 40 electrodes: eight
per hole from 2 to 9-m depth at 1-m intervals. Inversion and VOI
computation are performed as in the previous synthetic example. We
see that the model is recovered reasonably well 共Figure 5b兲 and the
VOI indicates reliability in the inter-borehole region with some
nonuniqueness near the central borehole 共Figure 5c兲.
We compute the full 3D, linearized-resolution matrix using an iterative column-wise scheme 共Alumbaugh and Newman, 2000兲.
Each column of R is a point-spread function pk that represents the
parameter-specific impulse response of the inverse problem 共Oldenborger et al., 2006兲. The row-sum of 关I − R兴 is then given by
M
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where G represents the physics, the data are weighted by the matrix
Wd, the model is weighted by the matrix Wm, H is the Hessian of the
objective function, and  is the trade-off parameter. The resolution

relates the estimated model vector m to the actual model vector m̃
according to

Easting, x (m)

Figure 5. 共a兲 Synthetic and 共b兲 recovered conductivity models for
vertical dipole data. 共c兲 Two-sided VOI. 共d兲 Row-summed 关I − R兴.
The black contours depict vc = 0.2 or 兺row关I − R兴 = 0.2. Horizontal
slices are taken at 5.5-m depth.

关I − R兴 = 关1̄兴 − 兺 pk ,
兺
row
k=1

共8兲

where 关1̄兴 is an M ⫻ 1 vector of ones and M is the number of model
parameters. The result is the blurring function illustrated in Figure
5d and its similarity to the VOI is evident. Discrepancies exist because of the poor parameterization and the nonlinear nature of the
VOI. Although the VOI is less comprehensive than R because of its
nature as a summed quantity, it provides an efficient measure of reliability that is fundamentally related to the model resolution.

Comparison to sensitivity
For comparison with the VOI, the sensitivity distributions averaged over all data are illustrated in Figure 6. Average sensitivities are
routinely used to define support volumes 共Furche and Weller, 2002兲,
to assess resolving capability 共Kemna et al., 2002; Schwalenberg et

Volume of investigation for 3D ERT

around the borehole perimeter 共Figure 8b兲. Similar behavior is observed for the one-sided VOI computed using factors of two or 10.
The high- and low-sided VOI tend to have distinct patterns; the
two-sided difference yields VOI distributions that are intermediate
共compare Figures 4 and 8兲. These experiences differ from the observation of Oldenburg and Li 共1999兲 that the VOI computed with variable-reference models and one- or two-sided differences are essentially the same 共although they are primarily concerned with the outer
vc boundary for 2D models兲. When calculating v in practice, we find
it best to utilize a two-sided difference with a factor of 2–10. However, it is often the case that referencing to resistive models leads to
failed convergence, and a high-sided VOI is our only option. In other
cases, a reference model can be chosen such that the recovered model has no realistic geologic interpretation — the resulting VOI distributions may be misleading or overly restrictive.
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Figure 6. Sensitivity with respect to ln 共兲 averaged over all background synthetic data. 共a兲 Vertical and 共b兲 horizontal dipole survey
geometries. Horizontal slices are taken at 8-m depth.
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Figure 7. Two-sided VOI for the background synthetic data 共vertical
dipoles兲 using high- and low-reference models scaled by 共a兲 a factor
of two and 共b兲 a factor of 10. Horizontal slices are taken at 8-m depth.
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For a nonlinear problem, the VOI can depend upon the particular
choice of reference models. For example, we illustrate the two-sided
VOI obtained for the background synthetic data using high- and lowreference models scaled from background by factors of 2 共Figure 7a兲
and 10 共Figure 7b兲. In comparison to Figure 4a, we observe that the
volume of investigation remains relatively constant. However, there
are variations of up to 1 m in the extent of vc contour. Furthermore,
the shape and magnitude of interior VOI features change with the
reference models.
We can also implement one-sided differences of the same inversion results. The high-sided VOI computed using 2ref = 5 ⫻  ref and
1ref =  ref, and the low-sided VOI computed using 2ref =  ref and
1ref =  ref ÷ 5 are illustrated in Figure 8. We see that there are discrepancies between the one-sided results. For example, the high-sided VOI indicates potential artifacts in the near-electrode region 共Figure 8a兲 whereas the low-sided VOI indicates potential artifacts
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al., 2002兲, and to guide survey design 共Dahlin, 2004兲. However, insight gained from sensitivity analysis is not the same as that gained
through the VOI. Sensitivity accounts for data sampling and heterogeneous conductivity, but does not account for data error, modeling
error, or regularization of the solution, all of which are integral components of the final model estimate.
The sensitivity distributions are more gradational than the VOI,
which have more distinct regions of high and low. As a result, direct
comparison between the sensitivity and VOI distributions is difficult. Regardless, we can use the two methods independently to compare the survey geometries. In doing so, the sensitivity analysis indicates that the horizontal dipole data have higher absolute sensitivities at greater distances from the boreholes 共Figure 6b兲. In the interborehole region, the sensitivity distributions are generally equivalent for the different data sets. These observations are inconsistent
with the VOI, which indicates that the vertical dipole data have a
greater extent and a more reliable interborehole region. Furthermore, the sensitivity distributions provide no indication of the potential for near-electrode artifacts.
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Figure 8. One-sided VOI for the background synthetic data 共vertical
dipoles兲 using 共a兲 high-sided and 共b兲 low-sided reference models
scaled by a factor of five. Horizontal slices are taken at 8-m depth.
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In general, the practitioner should ensure that the choice of reference models spans a reasonable portion of model space. There is no
sense in perturbing the reference model too far from the actual model
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Figure 9. Estimated conductivity models for the 共a兲 preinjection and
共b兲 postinjection experimental data. Vertical dipoles. 共c兲 Difference
between 共a兲 and 共b兲.

because this is inconsistent with our acceptance of a local, linearized
ref
solution to the inverse problem. As mref
2 and m 1 diverge significantly
from the actual model, the assumptions inherent to equation 7 break
down, and the VOI diverges from an approximate measure of the linearized resolution. In other words, it makes sense to compute the
VOI using models near the solution space of the linearized regime.
Oldenborger and Routh 共2006兲 present a method of validating the
linearity of a model perturbation. More practically, we appeal to the
experience of the practitioner to choose reference models for VOI
computation that capture some of the nonlinearity of the problem,
but for which the recovered models do not stray from the physically
possible realm. An accurate VOI would not involve high- and lowrecovered models that are incompatible with our a priori information
or geologic expectations.

APPLICATION TO AN ERT
MONITORING EXPERIMENT
We are interested in applying the VOI to inversion results obtained during ERT monitoring of a sequential injection/withdrawal
experiment conducted in an unconfined, alluvial aquifer. The experiment was designed to test the performance of ERT monitoring of a
conductive solute in a pump-and-capture or pump-and-contain remediation effort for a type of aquifer that is heavily utilized, but easily contaminated by anthropogenic activity. The borehole/electrode
infrastructure and the survey geometries are the same as those described in the synthetic examples 共Figures 1 and 3兲.
At the onset of the experiment, 3740 L of potassium bromide solution with an electric conductivity of 790 mS/m was injected into
the central borehole as a proxy contaminant. After three days,
2010 L of aquifer water had been withdrawn. Figures 9 and 10 show
the recovered electric-conductivity models obtained from vertical
and horizontal dipole-dipole data acquired at the pre- and postinjection/withdrawal stages. The data were inverted using the same algorithm and the same two-layer, a priori reference model mref as in the
synthetic example. The data noise is assumed to have a normally distributed component with a standard deviation equal to 2% of each
datum, plus the reciprocal error 共approximately equal to 2% of each
datum兲, plus a constant floor of 0.08 V/A.
Hydrogeologic interpretation of Figures 9a and 10a suggests a basic three-layer electrical earth model with a resistive unsaturated
zone to 2-m depth 共⬃0.3 mS/m兲, a zone of high electrical conductivity 共high-porosity兲 from 2 to 3-m depth 共⬃5 mS/m兲, and a
zone of low electrical conductivity 共low-porosity兲 to 16-m depth
共⬃1 mS/m兲. The bottom-most electrodes are at 15.6-m depth. Within the low-conductivity zone, two electrically conductive features
共⬃3 mS/m兲 are apparent at 5.5 and 12-m depth. These conductive
meter-scale features are interpreted as potential preferential flow
paths that show up as high-porosity signals in neutron logs. In particular, the high-conductivity zone at 2–3-m depth corresponds to a porosity of approximately 0.4, and correlates well with a high-porosity
channel sand 共Barrash and Clemo, 2002兲.
Recovered models for the post-injection/withdrawal data clearly
image the elevated conductivity in the aquifer 共Figures 9b and 10b兲.
The solute plume itself is isolated via post-inversion parameter differencing 共Figures 9c and 10c兲. Despite fluid injection being limited
to a packed-off zone from 6.9 to 9.3-m depth, solute is clearly visible
along the extent of the borehole. Inversions of the data collected using vertical dipoles seem to indicate the formation of a solute bulb
below 14-m depth 共Figure 9c兲 that may represent density-dependent
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settling of some portion of the plume. This feature is not detected using horizontal dipoles 共Figure 10c兲. Any density-separated portion
of the proxy contaminant may not be recoverable via packed-off

a)
2
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pumping. Similarly, imaged movement of solute beyond the borehole infrastructure, along the water table and near 3-m depth 共Figures 9c and 10c兲, represents potentially escaped mass, although no
elevated conductivities were detected in borehole fluid samples.
Given the significance of the hydrogeologic interpretations of the
time-lapse images, and the disparity with other data types, it is important to ascertain the reliability of our recovered models.

Preinjection VOI
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For VOI analysis of the experimental data, we utilize the same
scaled two-layer reference model described in the synthetic example. To facilitate direct comparison with synthetic results, we use a
two-sided difference with high- and low-reference models scaled by
a factor of five. Figure 11 illustrates the VOI distributions for the
model estimates obtained from the preinjection data.
The preinjection VOI distributions indicate that the region of reliable model estimates is restricted to the saturated zone. According to
the VOI distributions, neither the horizontal nor the vertical dipole
data can be interpreted beyond 16–17-m depth. We see that the vertical dipole data allow for model interpretation up to ⬃2 m beyond
the boreholes in the horizontal direction 共Figure 11a兲, whereas the
horizontal dipole data appear to be more limited in the horizontal extent of the reliable region 共Figure 11b兲. The results are very similar to
those obtained via synthetic modeling 共Figure 4兲, and the same interpretations apply.
In the experimental case, we clearly see the limit of data influence
in the recovered conductivity models as the interborehole region of
the model is observed to transition back to the reference conductivity
outside of the borehole infrastructure 共Figures 9a and 10a兲. For the
experimental VOI, interior and near-electrode VOI features are
more prominent, presumably because of increased data noise and/or
modeling error. Again, we see the shadow zones along the long B2B4 and B1-B5 panels. The similarity of the patterns to those of the
synthetic VOI suggests that the shape of the shadow zones is dictated
by electrode location and not by the 3D conductivity distribution en-
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Figure 10. Estimated conductivity models for the 共a兲 preinjection
and 共b兲 postinjection experimental data. Horizontal dipoles. 共c兲 Difference between 共a兲 and 共b兲.
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Figure 11. Two-sided VOI for the preinjection experimental data using high- and low-reference models scaled by a factor of five. 共a兲
Vertical and 共b兲 horizontal dipole survey geometries. Horizontal
slices are taken at 8-m depth.
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countered in the field experiment. In fact, for synthetic VOI computed with the borehole locations rotated about A1, the shadow zones
are observed to rotate with the boreholes.
The VOI for the vertical dipole data suggest reliable discrimination 共within the borehole infrastructure兲 of the meter-scale, highconductivity units apparent in Figure 9a 共high-porosity, sedimentary
units兲. Furthermore, the extent of vc to nearly 8 m in the horizontal
direction supports our ability to interpret the shallow, high-porosity
channel sand as thickening to the southwest, an observation consistent with radar reflection data 共Oldenborger et al., 2004兲. The horizontal dipole data, however, exhibit a large degree of interior VOI
features 共Figure 11b兲. The VOI analysis suggests an inability to resolve the continuity of the conductive features in Figure 10a.

Time-lapse VOI
When the conductive solute plume is present, inversions with resistive reference models lead to unacceptable model estimates, and
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Figure 12. One-sided VOI for 共a兲 preinjection and 共b兲 postinjection
experimental data using a high-sided reference model scaled by a
factor of five. Vertical dipoles. Horizontal slices are taken at 8-m
depth.
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we use one-sided differences with a high-reference model scaled by
a factor of five 共similar results are obtained for factors of two and
10兲. To isolate the effect of the solute plume on the VOI, we compare
high-sided postinjection VOI to high-sided pre-injection VOI as illustrated in Figures 12 and 13. The change in the solute concentration 共and the electrical conductivity兲, noticeably alters the VOI distributions for the experimental data. However, one-sided synthetic
VOI computed for the contaminant model of Figure 2b do not exhibit significant model dependence 共not shown兲. The model dependence for the experimental VOI is possibly caused by the distributed
nature of the true target and/or because of a fundamental change in
the signal-to-noise ratio for the experimental data that cannot be reproduced with synthetic models. Further discrepancy exists between
synthetic and experimental results because the synthetic data are
consistent with the numerics of the inversion, whereas experimental
data are subject to modeling errors such as discretization.
For the postinjection, horizontal dipole data, the maximum depth
of investigation remains essentially unchanged 共Figure 13兲. We conclude that the horizontal dipole data are unable to discriminate conductivity structure beyond the depth of the bottom-most electrodes.
In comparison, for the vertical dipole data, the postinjection depth of
investigation is extended to approximately 19 m, and the region of
the model near the bottom-most electrode inA1 appears less prone to
artifacts 共Figure 12兲. It appears that the vertical dipole data are able
to discriminate conductivity structure below the bottom-most electrodes, at least during the postinjection experimental stages. The implications are that the conductive feature observed at depth in the
vertical dipole inversions 共Figure 9c兲 is likely real, and that we are
capable of imaging the density-dependent settling of the solute
plume.
Conversely, the shallow escaped-mass features observed in Figures 9c and 10c exist in regions of poor reliability 共Figures 12b and
13b at the top of the shadow zones兲 and, thus, remain suspect for both
data sets. Some changes such as these between the pre- and postinjection model estimates, may be caused by the instability of postinversion model differencing, as opposed to actual changes in the aquifer. Again, these conclusions cannot be gleaned from the average
sensitivities, which give no indication of artifact location or increased sensitivity at depth for the postinjection data.
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Figure 13. One-sided VOI for 共a兲 preinjection and 共b兲 postinjection
experimental data using a high-sided reference model scaled by a
factor of five. Horizontal dipoles. Horizontal slices are taken at 8-m
depth.

Solution appraisal involves investigating the uncertainty associated with models estimated via inversion. Formal solution appraisal is
difficult for nonlinear 3D problems because of a lack of nonlinear
theory and the large size of the matrices and matrix products involved in the linearized analysis. Alternatively, the volume of investigation index is a relatively inexpensive method of appraisal that
employs a limited exploration of model space to provide a measure
of model reliability. There is some subjectivity associated with the
VOI when choosing reference models and/or an appropriate cutoff
value. The practitioner should be sure to explore this variability and,
if possible, employ the VOI in a comparative sense. The VOI can be
used as a tool for defining the region of interrogation for a particular
3D ERT data set, or for characterizing relative reliability in a survey
design context. The VOI incorporates all components of the inverse
problem and provides insight that cannot be obtained through analysis of the average sensitivity distribution alone.
In the specific ERT application discussed here, VOI analysis demonstrates that a larger, more artifact-free reliable region of the model

Volume of investigation for 3D ERT
domain is achieved using a circulating vertical dipole-dipole survey
geometry, as opposed to a horizontal dipole-dipole survey geometry.
The discrepancy between the VOI for vertical and horizontal dipoles
reflects the 2D panel-style acquisition and the fewer number of acquired data for the horizontal survey geometry. When applied to experimental data, the VOI proves useful for judging the resolution of
our model estimates and for assessing the validity of suspect model
features. In turn, we are able to assign some degree of confidence to
subsequent hydrogeological interpretations. In particular, we are
able to use the VOI to support the hypothesis of density-dependent
settling of a solute tracer and to reject the imaging of escaped solute
along the water table, situations of considerable hydrogeological
significance.
As a final note, the time-lapse ERT images were produced by postinversion model differencing. Differenced models are used primarily for illustrative and interpretive purposes. As presented herein, the
VOI is data- and model-dependent. Strictly speaking, the VOI is valid only for a particular data set acquired over a particular model.
When we difference model estimates to isolate changes in conductivity, we are differencing models that have different VOI distributions. We might expect VOI distributions to be additive such that the
reliable region of the ⌬ image might be the union of the reliable regions for the pre- and postchange models. However, at the same
time, we expect model differencing to remove systematic errors,
thereby resulting in more accurate depictions of model change.
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