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ABSTRACT
The role of geophysics in the characterization and monitoring of hydrological systems
is rapidly expanding to advance the understanding of fluid flow in the Earth. The
non-invasive probing of the subsurface using different geophysical methods provides a
wide range of possibilities to study the static and dynamic nature of subsurface flow
systems. Water resource management is both a local and global concern. Fate and
transport of contaminants, environmental remediation, and contaminant monitoring
require accurate and spatially extensive knowledge of the heterogeneous subsurface.
Direct measurements using borehole techniques are accurate but lack sufficient spatial
coverage to determine hydraulic parameters at a large scale. In this thesis I focus on two
broad areas: (a) improvement of the physics in tomographic imaging using cross-hole
ground-penetrating radar and (b) development of a methodology to incorporate
geostatistical scale information into the geophysical images that naturally leads to
uncertainty estimation in a statistical sense. Although this method is applicable do inverse
problems in general, it is demonstrated in conjunction with a ground-penetrating radar
velocity tomography problem.
Tomography, a commonly used method in exploration geophysics, is increasingly used
in near-surface applications to determine property distributions such as the seismic or
radar velocity of the material traversed by propagating seismic or electromagnetic energy.
Near-surface investigations using tomographic methods pose significant scientific
challenges in terms of determining the uncertainty in the geophysical parameter estimates.
This difficulty results from the less-than-optimal coverage needed to image the desired
scale of the heterogeneity and infinite frequency assumption that is the basis for
commonly used ray theoretical radar tomograms. I examine the attenuation responses
viii

from cross-hole radar data to monitor the movement of an electrically conductive tracer as
it migrates through a shallow aquifer. Accurate time-lapse tomographic images of the
tracer plume provide valuable information concerning the tracer movement and
distribution, leading to a better understanding of the distribution of the properties that
govern transport, such as porosity and permeability. The tomographic problem is solved
using a first order electromagnetic scattering formulation to account for the finite
frequency effect of propagating waves. Accounting for finite frequency wave propagation
naturally leads to the Fresnel volume sensitivity distribution (in contrast to the ray
sensitivity distribution in the infinite frequency approximation). Incorporating the finite
frequency nature of the waves in the tomographic reconstruction procedure provides better
resolution in the corresponding tomograms. The Fresnel volume method provides results
similar to full-waveform methods but without the prohibitive computational efforts
required in full-waveform inversions.
The Fresnel volume approach is applied to a data set obtained from a time lapse tracer
test. The field test was carried out in an unconfined alluvial aquifer at the Boise
Hydrogeophysical Research Site (BHRS) in Boise, Idaho. The aquifer at the BHRS
consists of coarse (cobble-and-sand) fluvial deposits that overlie a clay layer at
approximately 20 m depth. A bromide tracer was injected into one of the 18 monitoring
wells at the BHRS. The tracer movement was monitored by direct sampling in isolated
sections of monitoring wells and also through radar attenuation-difference tomographic
data acquisition. The tomographic data are used to construct time-lapse tomograms of the
tracer plume using the Fresnel volume (or Fresnel zone in two-dimensions) approach and
also using the ray-based approach for comparison. The Fresnel zone tomograms are more
resolved than the ray-based tomograms and demonstrate the importance of accounting for
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finite frequency propagation in the tomographic reconstruction. In comparison to the
ray-based tomograms, the Fresnel zone tomograms lead to a more accurate understanding
of the movement and shape of the plume. The movement and shape of the tracer plume is
sensitive to important aquifer parameters such as hydraulic conductivity and porosity, and
better resolution of the plume characteristics can lead to a better understanding of the
distribution of such properties.
Other information such as borehole measurements (e.g. neutron logs) provide detailed
information about porosity, but only in the near vicinity of the borehole. Geophysical
methods may potentially provide information concerning the distribution of aquifer
properties between boreholes at a relatively fine scale through tomographic imaging.
However, the reliability and accuracy of the geophysical parameter estimates are often not
well understood and sometimes not considered in the overall analysis. Therefore one of
the goals of this thesis is to better understand the uncertainty associated with the
parameter estimates. Although the scope of this problem is generic and broad I focus my
research by considering a crosshole radar tomography data set as an example. I develop a
generic statistical procedure and guideline to address the uncertainty in parameter
estimates. This method will ultimately provide models which satisfy the data and also
agree with the statistical variability of the subsurface at all scales. That is, incorporating
geostatistical constraints provides the flexibility to generate an ensemble of models that
satisfy both the objective of fitting the data and the objective of honoring specified spatial
covariance properties (as expressed through one or more semivariograms) at all scales. I
demonstrate the practical application of the theoretical developments accomplished in this
thesis using tomographich radar data sets acquired at the BHRS.
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1
CHAPTER 1
INTRODUCTION
The broad goal of the research presented in this dissertation is to advance the
characterization of subsurface hydrogeologic property distributions using non-invasive
geophysical methods. Joint inversion is a natural framework for estimating hydrogeologic
properties when multiple types of data (e.g. hydrogeological and geophysical data) are
available. In general, the joint inversion problem involves using the different data sets
concurrently to estimate the hydraulic conductivity distribution of an aquifer to which the
data are related. Given the broad scope of the problem, the central objective of this
dissertation is to develop and advance the geophysical methods and examine the
uncertainty issues associated with the estimates. In particular, I improve upon an
application of ground-penetrating radar tomography which is based upon the amplitudes
of electromagnetic waves propagating through the aquifer in question. In addition, I
develop a method of estimating models that are both geostatistically accurate at all scales
and honor the data. Statistical analysis of an ensemble of such models allows an intuitive
method of estimating solution uncertainty. The current limitations of radar amplitude
modeling and solution uncertainty estimation, along with the difficulties of estimating
geostatistically accurate solutions, are major obstacles in the broader issue of
implementing joint inversion. In this introduction, I explain several of these obstacles and
discuss how the methods presented in Chapters 2, 3 and 4 eliminate each obstacle. I have
chosen to present my work in this manner not only to demonstrate how the methods are
related (at least in terms of this dissertation), but also to illustrate why each method was
conceived.
The following sections of this introduction discuss a tracer test performed at the Boise
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Hydrogeophysical Research Site, and the objective of using data collected during the
tracer test to estimate the hydraulic conductivity distribution at the site. I also discuss
some major obstacles inhibiting implementation of the joint inversion and I discuss how
each of these obstacles may be resolved by implementing the methods presented in
Chapters 2, 3 and 4.
Boise Hydrogeophysical Research Site and the Tracer Time Lapse Imaging Test
The Boise Hydrogeophysical Research Site (BHRS) is an in situ field laboratory located
on a gravel bar adjacent to the Boise River about 15 km southeast of downtown Boise,
Idaho (Figure 1.1). The aquifer at the BHRS consists of coarse (cobble-and-sand) fluvial
deposits that overlie a clay layer at approximately 20 m depth. Eighteen fully-penetrating
wells were installed in 1997 and 1998 to provide for a wide range of single-well,
cross-hole, multi-well and multilevel hydrologic, geophysical, and combined
hydrologic-geophysical tests (Barrash et al., 1999).
In August 2001, a time lapse imaging test was conducted at the BHRS to support
aquifer characterization and to evaluate the use of ground-penetrating radar (GPR) for
monitoring the transport of electrically conductive fluids (e.g. high TDS plumes) in
heterogeneous granular aquifers (Barrash et al., 2003). A diagram of the central well-field
at the BHRS and the tracer time lapse imaging test (TTLT) configuration is shown in
Figure 1.2. Approximately 1000 gallons of potassium bromide tracer were injected over a
period of approximately 30 minutes into a 4 m thick zone that was packed-off in well B3.
This zone was selected to straddle the contact between a relatively low porosity and
permeability layer above 11 m depth in well B3, and a higher porosity and permeability
layer below 11 m depth in well B3 (Figure 1.2, Barrash and Clemo, 2002).
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Over the next 17 days, the tracer migrated approximately along the natural gradient,
following a path from well B3 to well B6, with pumping from well B6 at a low flow rate
(~ 20 L/min) to extract the tracer and help guide the plume through well A1. Wells B1,
B2, B4, B5 and B6 were instrumented with packer systems that isolated six 1 m zones in
the mid-section of each well that overlapped the 4 m injection zone in B3. Each packer
system was constructed to allow for the presence of radar antennas during tomographic
data collection and each zone was monitored for changes in fluid conductivity throughout
the test. The B1-B4, B2-B4, and B3-B6 tomographic planes are illustrated in Figure 1.2.
A packer system with twenty 25 cm thick monitoring zones was placed in well A1 to
capture high resolution tracer concentration behavior as the plume migrated through the
system (Barrash et al., 2002).
An extensive data set was collected during the TTLT. The data collected include
transient hydraulic head measurements in several zones of well A1 and wells B1 through
B6. Hydraulic heads were also monitored in wells C1 through C6. Tracer concentration
measurements were collected every 4 hours in each of the 50 total sampling ports in well
A1 and in wells B1 through B6. Finally, tomographic data were collected between several
well pairs before the test and each day thereafter to monitor the movement of the tracer
plume through attenuation-difference tomographic imaging.
In addition to data collected during the TTLT, the geostatistical porosity structure
(based on neutron log measurements) of the BHRS has been studied in detail (Barrash and
Clemo, 2002). The TTLT and geostatistical data are data sets that may be used in a joint
inversion to estimate the hydraulic conductivity structure of the central wellfield region of
the BHRS.
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Objectives
The first research objective of my dissertation was to advance the practice of
ground-penetrating radar attenuation-difference tomography in order to resolve several
separate issues associated with using either ray-based or full-waveform imaging
techniques. The information provided by attenuation-difference data can best be leveraged
using full-waveform inversion techniques (Ernst et al., 2005). However, in the current
state of the practice, full-waveform methods are prohibitively expensive computationally.
Conversely, ray-theory provides an efficient method of constructing tomograms, but the
theoretical assumptions required by ray-based methods induce model errors that mask
some of the information available in the data. An ideal method of inverting radar
attenuation-difference data would posses the accuracy of full-waveform methods with the
efficiency of ray-based methods.
The second research objective of my dissertation was to develop an efficient method of
estimating solutions that honor some specified spatial covariance structure at all scales
(e.g. geostatistically accurate solutions). Geostatistically accurate solutions are
particularly important for modeling processes sensitive to relatively small scale structural
variations, such as contaminant and tracer transport. In addition, given the non-uniqueness
of geophysical and hydrogeologic data, determining uncertainty in the solution estimate is
as important as the estimate itself. My objective in this regard was to develop a parameter
estimation method which could sample the constrained space of solutions that both honor
the data and obey some specified spatial covariance properties, thereby providing an
ensemble of solutions which could be used to statistically estimate uncertainty.
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Current Limitations in Radar Tomographic Imaging
Limitations of Ray-Theory
One approach to estimating the sampling volume of a radar wave is to assume the wave
propagates at infinite frequency and employ ray-theory. Under this assumption, the
sampling volume (or sensitivity distribution) is focused along a line between the source
and receiver. Although it has been used successfully in attenuation-difference
tomographic imaging applications (Day-Lewis et al., 2002; Goldstein et al., 2003),
ray-theory has limitations that would seriously degrade the utility of
attenuation-difference tomography. For example, consider the bromide tracer plume as it
approaches well A1 from well B3. Note that A1 is located directly in the B1-B4
tomographic plane (Figure 1.2). As the tracer approaches A1 and enters the sampling
volume of the radar data, the radar data begin to display decreased amplitudes with respect
to data collected in the absence of the plume. Thus, the tracer is detected by the radar data
before the tracer actually reaches well A1. Later in time the tracer reaches well A1 and is
detected in one or more sampling zones. Thus, there is a time delay between when the
tracer is detected by the B1-B4 radar data and when the tracer is detected in well A1.
The time delay between the radar and chemistry data in well A1 translates into an
inconsistency between the two data sets when 2D tomography is used to image the plume
in the B1-B4 plane, because 2D tomography maps out-of-plane heterogeneity that is
detected by the radar data into the tomographic plane. I will demonstrate and discuss this
issue in more detail in Chapter 3. The data inconsistency will be preserved in a 3D joint
inversion if ray-theory is used, because ray-theory does not account for out-of-plane
effects induced by finite frequency wave propagation. However, if Fresnel volume
tomography is used in a 3D joint inversion, the apparent inconsistency between radar and
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chemistry data will be resolved, because the Fresnel volume accounts for out-of-plane
sensitivities, and more accurately describes the sampling volume of a radar wave.
Although a joint inversion using radar and chemistry data is not demonstrated in this
dissertation, recognition of the limitations of ray theory in describing the finite frequency
effects of radar wave propagation in a 3D joint inversion was a major reason for
developing attenuation-difference Fresnel volume tomography. In addition, Fresnel
volume tomography improves upon several limitations of ray-theory in the 2D
tomography case, as demonstrated and discussed in Chapters 2 and 3.
Incorporating Geostatistical Information
Most parameter estimation problems in the geosciences suffer from a lack of sufficient
information, making the inverse problem non-unique. Thus, it is necessary to include
prior information into the inverse problem or otherwise constrain the inversion to find a
solution that is meaningful. For instance, regularization constraints are often used to
smooth portions of the inverse solution that are insensitive to the data, usually resulting in
a model that reveals larger scale structural information (Doherty, 2003; Tikhonov, 1963).
In groundwater modeling, non-uniqueness is often removed by dividing the model into
homogeneous zones, reducing the number of parameters to be estimated (Hill, 1998). In
either case, the inverse solution is a simplified version of the subsurface.
When geostatistical information concerning the parameter of interest (e.g. hydraulic
conductivity) are available, it is sensible to constrain the inversion to find a solution that
both explains the data and honors the geostatistical information. Geostatistically accurate
solutions are particularly important in contaminant or tracer transport problems because
tracer break-through curves are often sensitive to small scale subsurface structures (i.e.
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heterogeneity) described by the geostatistics. In Chapter 4, I present a method of
estimating solutions to non-linear inverse problems that both explain the data and honor a
specified geostatistical structure given in the form of one or more semivariograms. In
essence, the semivariogram values at each lag are treated as supplemental data that must
be satisfied during the inversion. In terms of the joint inversion with the TTLT data, the
method proposed in Chapter 4 provides a means of incorporating the geostatistical data
available for the BHRS.
Estimating Solution Uncertainty
The uncertainty associated with a particular inverse solution is equally as important
(perhaps more important) than the solution itself. That is, due to the non-uniqueness of the
inverse problem and the inherent noise in all data, a solution to the inverse problem is of
little use unless something is known about the uncertainty concerning the accuracy of the
solution. In Chapter 4, I present a stochastic approach to estimating solution uncertainty
that is linked to the method of incorporating geostatistical information described above.
The approach is conceptually simple. If we assume that data noise is random, estimates of
the geostatistical structure bound the true geostatistical structure, and modeling errors are
insignificant, then the model that best describes the subsurface belongs to the space of
inverse solutions that both fit the data and honor the specified geostatistics (e.g. the
semivariograms). By stochastically sampling solutions from this space, an ensemble of
solutions is generated which may be used to construct the solution probability density
function and to determine summary statistics such as the ensemble mean and variance.
The approach is described in detail in Chapter 4 and provides a method of estimating
solution uncertainty in the joint inversion problem.

8
Organization
As discussed above, Chapters 2, 3, and 4 present the theory and methods that resolve
several issues inhibiting implementation of joint inversion in general, and using the TTLT
data and BHRS geostatistical information in particular. In this regard, the Fresnel volume
attenuation-difference tomography (FADT) method presented in Chapters 2 and 3 resolves
the issue of model errors caused by the ray-approximation. The issues of incorporating
geostatistical information and estimating solution uncertainty are addressed in Chapter 4.
Each of Chapters 2, 3, and 4 were originally written to be submitted as independent
publications in separate journals. Therefore, each chapter stands alone, requiring some
redundant information between chapters (particularly between Chapters 2 and 3). Because
this research was completed to satisfy the requirements of my dissertation, it is presented
in terms of work I have done. However, this work would not have been possible without
the guidance and collaboration of several members of my supervisory committee, and they
are included as authors on the peer-reviewed versions of each chapter. In particular, Partha
Routh and Michael Knoll were instrumental in the Fresnel volume attenuation-difference
tomography (FADT) work presented in Chapter 2. Partha Routh, Warren Barrash, and
Michael Knoll were instrumental in the FADT field example presented in Chapter 3.
Partha Routh, Tom Clemo, Warren Barrash, and Bill Clement were instrumental in the
work presented in Chapter 4.
The next three chapters present Fresnel volume attenuation-difference tomography, a
field example of FADT, and incorporation of geostatistical constraints in non-linear
inversion problems, respectively. Chapter 5 discusses the relevance of this work and
directions for future research.
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Figure 1.1: Aerial view of the Boise Hydrogeophysical Research Site (BHRS) Boise,
Idaho.
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Figure 1.2: Tracer time-lapse imaging test (TTLT) configuration. Radar data are collected
in the tomographic planes shown as shaded regions. The contacts between porosity zones
are shown at each well to demonstrate the spatial continuity of each zone. Note the injection
zone in well B3 straddles the contact between a higher porosity lower zone (zone 2) and a
lower porosity upper zone (zone 3).
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CHAPTER 2
FRESNEL VOLUME GROUND PENETRATING RADAR ATTENUATION
DIFFERENCE TOMOGRAPHY
Introduction
Characterization of the aquifer properties that control flow and transport at scales typical
of environmental and engineering problems is an area of active research. Researchers are
developing innovative methods of utilizing geophysical surveys to provide additional
information concerning aquifer properties and to help constrain the range of possibilities
in hydrogeologic parameter estimates (Hyndman et al., 1994; Copty and Rubin, 1995;
Hubbard and Rubin, 2000; Day-Lewis et al., 2002; Barrash et al., 2003). Radar
attenuation-difference tomography can be used to image sub-meter spatial and temporal
changes in bulk electrical conductivity induced by the movement of a conductively
anomalous fluid such as a tracer or contaminant. Such transport information is typically
sensitive to important hydrogeologic properties such as porosity and hydraulic
conductivity and can provide valuable information concerning the distribution of those
properties.
A number of radar attenuation-difference surveys have been conducted in near-surface
environments. In a series of experiments, Lane et al. (1999) showed how cross-well
attenuation-difference data can be used to image fractures in crystalline bedrock
containing saline tracer. In a follow-on study Day-Lewis et.al. (2002) developed an
approach to time-lapse inversion that accounts for the movement of the tracer over the
course of the data collection time to improve image resolution. As with most applications
of radar tomography, ray theory was used to represent the physics of electromagnetic
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(EM) wave propagation underlying the inverse reconstruction of the tracer distribution in
each of these cases. The majority of tomographic inversions for velocity or attenuation
structure (in both seismic and radar applications) are based on ray theory primarily
because ray theory is well understood and computationally efficient allowing inversions of
large data sets.
In ray theory, the sensitivity of pulse travel time or attenuation to the electromagnetic
properties of the medium is reduced to a line integral along the travel path between the
source and the receiver. Ray-geometrical representation of wave propagation is a
mathematical construct that is valid in the limiting case of infinite frequency propagation.
However, in reality the infinite frequency approximation is rarely valid since waves
attenuated rapidly with increasing frequency. In finite frequency propagation the
velocities and amplitudes of waves are sensitive to some volume surrounding the fastest
travel path. These sensitivity volumes were first described in terms of seismic waves by
Hagedoorn (1954) and later defined as Fresnel volumes by Kravstov and Orlov (1980).
Collapsing these Fresnel volumes of sensitivity to one-dimensional curves along the
fastest travel path has several limitations. In velocity tomography for example, rays are
deflected around low velocity regions such that high velocity regions are preferentially
sampled biasing the solution toward high velocities (Wielandt, 1987; Nolet, 1987). Ray
theory does not account for many low velocity regions adjacent to the fastest travel path to
which corresponding travel times may be sensitive.
Several techniques have been developed to estimate the spatial distribution of the
sensitivity of seismic arrival time to seismic velocity distributions, which are often
referred to as wavepath methods (Stark and Nikolayev, 1993; Vasco and Majer, 1993).
Generally, the full acoustic-wave equation is used to derive the wavepath sensitivity
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distribution associated with a particular source-receiver pair and velocity structure (Vasco
and Majer, 1993; Spetzler and Snieder, 2004). Because they are based on a finite
frequency wave equation, the wavepath sensitivities are physically more accurate than
rays and include the effects of finite frequency propagation that are neglected in ray
theory. The benefits of accounting for finite-frequency effects are numerous, including the
ability to image smaller scale features and reduce tomographic artifacts. The disadvantage
of wavepath tomography is the computational cost, since each wavepath calculation
requires a forward and backward propagation of a full wavefield and residual or adjoint
wavefield respectively.
In this chapter I present an efficient method of computing the sensitivity of
finite-frequency radar attenuation data to changes in bulk conductivity. I begin with a
review of ray-based attenuation-difference tomography. Then I present the Fresnel volume
sensitivity computation by defining the Fresnel volume to which attenuation data are
sensitive, and then use scattering theory to compute the sensitivities within the volume. I
compare the Fresnel volume sensitivity distributions to those derived by perturbing a full
waveform finite-difference solution (Holliger and Bergmann, 2002a) and show how the
scattering theory sensitivities are more accurate than the ray-based sensitivities with a data
prediction example. Following this discussion I use singular value decomposition (SVD)
analysis of a synthetic example to show how this physical improvement provides better
target localization in inverse estimates, giving marked improvements in tomographic
resolution over ray-based inversions. By decomposing the sensitivity kernels using SVD I
analyze the nature and scaling of the basis functions used to construct the inverse
estimates. The slowly varying and localized composition of the scattering theory basis
functions allow Fresnel volume inversions to resolve localized targets more accurately
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than ray-based inversions. In addition, the full waveform and scattering theory basis
functions and singular values display a similar character in both shape and magnitude,
reinforcing intuition about the validity of Fresnel based sensitivities. The similarity
between the scattering theory and full waveform basis functions and singular values
suggests that the scattering theory solution is similar to the full waveform solution, but it
is obtained with a significant decrease in computational effort.
Theoretical Development
In this section I briefly review the ray theory approach to relate amplitude data to
attenuation changes or perturbations in the medium. Then I discuss the scattering theory
theory that relates changes in amplitudes to changes in bulk electrical conductivity within
the Fresnel volume. Finally I present a method for computing the sensitivity of the
amplitude to changes in the bulk conductivity of discretized cells within the Fresnel
volume.
Ray Theory Overview
The electric field recorded at the receiver at time

 corresponding to source receiver

configuration g is denoted by   . The ray-geometric far-field expression describing the
amplitude (hij ) of .

 is given by (Day-Lewis et al., 2002; Lane et al., 1999)
6 p /Mqr0s.tvu


hij kFlhim*j n 6/ o285'n 3/MoY^5 z{.| 
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(2.1)

where } is the ray-path length from source to receiver, h~m*j is the effective amplitude of
the source at the position related to g and time

 , W is the attenuation coefficient


distribution at time  , n  is the source radiation pattern at time  , n  is the receiver
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 , and oY is the angle between source and receiver with respect to

radiation pattern at time

the horizontal. Taking the natural logarithm of both sides, discretizing the medium, and
re-arranging terms gives
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 is the total ray-path length,  is the total number of cells, j = is the

attenuation coefficient in cell  at time
through cell  at time

 , and L.  [= is the distance traveled by ray g

 . One of the primary difficulties in attenuation tomography is

estimating the effective source amplitude hIm*j and the radiation patterns
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amplitude and radiation patterns can be eliminated if these values and ray path g are
invariant with time. For instance, suppose the amplitude corresponding to source-receiver
configuration g at time
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If the radiation patterns, source amplitude, and the ray path are invariant with time, then
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that subtracting eq. (2.3) from eq. (2.2) gives
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relating the attenuation changes between times

 and to the corresponding change in

16
amplitude of the data. In matrix notation

;EKFVP  U
where ;6KF
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(2.5)

/8hi  85 , V [= P FL?[= , and U is a vector containing the

attenuation change for each discretized cell. Eq. (2.5) is the forward model for ray-based
attenuation-difference tomography. As shown in eq. (2.2) through (2.4), radiation pattern
effects cancel by differencing the log amplitudes if radiation patterns are time invariant. A
subtle but important caveat to this result is that it was derived under the infinite frequency
approximation and may not apply to the finite frequency propagation case. Later I show
that attenuation data differences are indeed sensitive to radiation patterns in finite
frequency propagation whether radiation patterns are time invariant or not. Fresnel zone
sensitivity distributions do account for radiation pattern effects assuming they are known
or can be sufficiently approximated.
As a final note, some authors (Lane et al., 1999; Peterson, 2001) derive eq. (2.2)
through (2.4) slightly differently, depending primarily on the way in which h

 is defined.

The differences arise from the infinite frequency approximation itself which requires all of
the sensitivity assigned to h
which hi

 to lie upon a curve regardless of the time window within

 is defined. Thus the definition of hIj is somewhat arbitrary. In finite frequency

propagation the region in space to which hI
For instance, if hi

 is sensitive depends on how h  is defined.

 is defined as the peak of the first pulse, the region in space to which

hij is sensitive includes all points such that energy scattered from those points contributes
to the first pulse. In the following discussion, I define h~j to be sensitive to only the first
Fresnel volume characterized by the period of the first half cycle of E

 and the

propagation velocity. Then I use scattering theory to estimate the sensitivity of amplitudes

17
to bulk conductivity changes within the Fresnel volume assuming constant velocity
propagation.
Fresnel Volumes and Attenuation-Difference Data
This section describes how I define attenuation-difference data and how those data are
related to the first Fresnel volume characterized by the period of the first half cycle (or first
pulse) and velocity of the recorded wavelet. The definition of the first Fresnel volume of
constructive interference, or simply Fresnel volume, was originally given by Kravstov and
Orlov Kravstov and Orlov (1980); Cerveny and Soares (1992) and is illustrated in Figure
2.1. The Fresnel volume is the region defined by
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= is the travel time from the source to some scattering point in space (cell  in the
0

context of this chapter), = is the travel time from the same point to the receiver,
is the
where

travel time from source to receiver and  is the period of the propagating wave. Figure 2.2
shows the travel paths from source to scatterer, scatterer to receiver, and source to receiver.
The Fresnel volume encompasses all points in space such that energy scattered from those
points arrives within the shortest travel time plus one-half of the period  of the wavelet. I
define  as

 F
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is the zero-crossing time that marks the end of the first pulse as shown in Figure

2.3. Then the first pulse, which is the portion of the wavelet bounded in time by the first
arrival and the zero-crossing time associated with  , is only sensitive to the
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electromagnetic properties within the first Fresnel volume characterized by  and the
propagation velocity of the wavelet. I use this Fresnel volume to identify the bounds of the
3D frequency and velocity dependent region of sensitivity corresponding to the
source-receiver geometry. That Fresnel volume is bounded by the locus of points such that
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The first pulse is not sensitive to points outside of the Fresnel volume because energy
scattered from those points will arrive after
eq. (2.7) by picking
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for each wavelet. This can be tedious and error prone. I

shall show that when the amplitude spectrum is sufficiently peaked then 
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is the peak frequency in the amplitude spectrum. In that case 
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in the frequency domain which is relatively simple to
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automate and eliminates the need to pick

and

in the time domain. This is a key

advantage in terms of implementation, recognizing that travel time picking can be an error
prone process.
For a constant velocity medium the Fresnel volume assumes an ellipsoidal shape with
the focus points at the source and receiver positions as shown in Figure 2.1. As frequency
decreases the period increases and the Fresnel zone widens indicating that the energy
contained in the first pulse is sensitive to a wider region in space. As frequency increases
toward infinity the period approaches zero and the Fresnel zone becomes very narrow
indicating that the first pulse is sensitive only to the locus of points lying on a curve
between the source and receiver as in the ray approximation. As noted earlier, I assume a
constant velocity medium so that rays are straight and Fresnel volumes are ellipsoidal.
The straight-ray approximation is valid in many saturated shallow subsurface
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environments because velocity contrasts tend to be weak for radar wave propagation and
source-receiver distances are small which limits ray bending (Lane et al., 1999;
Day-Lewis et al., 2002). However, Fresnel volumes can also be computed for
heterogeneous velocity media (Spetzler and Snieder, 2004).
To define the relationship between attenuation-difference data and the corresponding
Fresnel volumes, suppose radar traces are collected between two boreholes at some
background time

 . The time domain trace of the vertical component of the electric field

( ¦e§5 corresponding to the source-receiver orientation g is given by 6j . A trace with the
same acquisition geometry collected at some later time , when an electrically anomalous
fluid has invaded the region between the source and receiver, is labeled 3  . If the fluid is
conductive, the first pulse amplitude of #

 will be greater than the amplitude of # 

because EM wave attenuation increases with conductivity. In low loss conditions, the
relationship between the natural logarithm of EM amplitude and bulk conductivity is
approximately linear (see Appendix). I define the attenuation-difference data as
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9 . Note I assume

is equal for each trace. This assumption is valid when the change in bulk

conductivity between times

 and is not extreme, because EM wave velocity is a weak

function of bulk conductivity (Jackson, 1999). Eq. (2.9) also assumes  is constant
between traces which is approximately true in the absence of a significant change in
dispersion from j to .  . In other words, the conductivity change between times

 and

does not significantly affect the EM wave velocity. The kinematic parts of the wave
equation are equal for both times; only wave amplitudes are affected. Under this
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assumption, the integration limits in eq. (2.9) are equal for each time.
Because the first pulse (i.e. the time interval from



to

'(*)

) is only sensitive to the

Fresnel volume defined by the velocity and the period  , I have limited the region in space
to which the data are sensitive to this Fresnel volume. Field examples of 6j and 

 along

with the corresponding amplitude spectrum and theoretic Fresnel zone boundary
(determined by eq. (2.8)) are also shown in Figure 2.1. Note also that
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frequency ¥
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determined with the peak frequency is approximately equal to the boundary determined by
eq. (2.6).
To construct the forward model, let the conductivity distribution at times

 and be

denoted by 1Y3/465 and 12/465 , respectively, where 4 is the position vector. Eq. (2.9) then
becomes
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Let ;E1J/8465 represent a change in the conductivity field about 1]3/465 such that

12/465Fl123/4659´;E1J/8465 . Then
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If I represent the integrals by µ
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then eq. (2.11) can be rewrittenµ
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Expanding theµ first term of the right hand side of eq. (2.13) in a Taylor’s series,
µ we obtain
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ÁÂ.ÂÃ denotes the inner product in the spatial domain and Ä NÅ Æ uÇÆtvtuÉÈ uwÈ are Frechet
Ä
derivatives. When ;E1/465 is small, second and higher order terms of the expansion are
µ
insignificant and eq. (2.14) becomes
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The inner-product term is very small when ;#1J/µ 465 is small such that eq. (2.15) may be
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approximated as

;EKLkF ·


/123/465'5

¹

/812/8435'5
j;#1J/8435 »
12/465

(2.16)

;E1>=ÌY=E/465

(2.17)

¹
 

Ê when Ë ÊË is very small. Next I express the conductivity change in
because / 9¶Ê]5
discrete form as



;E1/465JF

=+]7

where ;E1>= is the conductivity change in cell  , 

ÌY=E/465F



Ï
ÎÐ

ÍÎ

is the number of cells,
if 4SÑÓÒ?=

@ otherwise

(2.18)

22
is the basis function used to discretize the model, and Ò= is the volume to which ;#1Ô=

µ

applies. With this discretization eq. (2.16) is expressed as
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Taking the summation outside the inner-product we obtain
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. Eq. (2.20) is the discretized forward model for Fresnel volume

attenuation-difference tomography. Errors in the physics represented by

V N arise

primarily due to the truncation of the Taylor series expansion in eq. (2.14) which neglects
the effects of multiple scattering. This effect is evident in the expression for

VÚ[=N which is

the sensitivity of the log first pulse energy of #*/123/465+5 to a single scatterer ;E1Ô= .
I compute

µ
µ
V[=N with a forward finite difference operator given by
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For notational convenience I drop the time dependence in E . I solve for ?/123/465+5 and
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?/123/4659´;E1>=v5 using scattering theory and numerically compute the integrations in eq.
(2.21). The background field /812/8435'5 is computed assuming constant 1«/8465 and

?/123/4659´;E1>=v5 is computed using the Born approximation. Next I progress through the
theory and mechanics of computing V

Z=N beginning with the integral solutions for /123/465'5

and ?/812/84359´;E1>=5 including radiation pattern effects.
Fresnel Volume Sensitivities: Theory
In this section I develop the equations describing the background and scattered
electromagnetic fields. Notation for this development is shown in Figure 2.2. I present the
solution to the Helmholtz equation for a point source delta function and a small conductive
scatterer, beginning with the frequency domain versions of Ampere’s Law and Faraday’s
Law where the source current density is included in the /4>'Þß5 term. This is given by

àâáÓã
àâáçæ

/4'Þß5F R g8ÞåäQ/4>'Þß5

(2.22)

/84'Þß5Fl/84'Þß59¶gÞåè¼/4>ZÞß5

(2.23)

with the non-dispersive (frequency independent) constitutive relations given by

ã
/4>'Þß5Fé1J/465 / 4>'Þß5

(2.24)

ã
è¼/4>'Þß5Fê/465 / 4>'Þß5

(2.25)

äQ/4>'Þß5Flë/465
Here I assume a time harmonicity of ì

ã

is the electric field strength, ä

æ

/4>'Þß5



(2.26)

Éí ¬ where Þ is the angular frequency and is time.
æ

is the magnetic induction,

is the magnetic field
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strength,  is the galvanic current density, è

is the displacement current, 1J/465 is the

electrical conductivity, ê/465 is the dielectric permittivity, ëJ/465 is the magnetic
permeability, and 4 is the position vector with respect to the system origin. I assume that
variations in ê may be considered negligible throughout the domain and that ë may be
considered constant and equal to its free space value ëWm . The propagation velocity of
electromagnetic waves is a strong function of the dielectric permittivity. If variations in ê
are small, velocity variations in the medium are also small, and ray representations of the
wave propagation are approximately straight.
Substituting eq. (2.26), into eq. (2.22) and taking the curl of both sides gives

àâáîàâáÓã
or

à
/

à
Â

ã

/4>[Þß5'5 R

à

/4> Þß5F R gÞ:ëm

ã

àâá©æ

/4>'Þß5F R g8Þ:ëm

/4>ZÞß5

àâáçæ

(2.27)

/84>ZÞß5



(2.28)

Under low loss conditions conduction currents are insignificant in comparison to
displacement currents (Jackson, 1999) so that
reduces to

à

ã

à

/4>'Þß5ÚFlgÞ:ëm

Â

ã

/4> Þß5 is negligible and eq. (2.28)

àâáçæ

/4>'Þß5



(2.29)

Next I substitute eq. (2.23) and (2.25) into eq. (2.29) to get

à

ã

ã

/4>'Þß5ïFgÞ:ëkm#//4>'Þß59¶gÞåê 8/ 4>'Þß5+5

(2.30)

I separate the current density into two terms, one for the current distribution in the source
antenna,

A
/ / 4>'Þß5'5 , and one for the current distribution in the medium as described by eq.
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(2.24)

/4>'Þß5F

A

ã

/4>'Þß59¶1J/465 / 4>'Þß5

(2.31)

The conductivity distribution is described by

1J/465Fl123/4659´;E1J/8465

(2.32)

where 1Y3/465 is the background conductivity and ;#1J/8435 represents a change in the
conductivity from the background. Substituting eq. (2.31) and (2.32) into eq. (2.30) gives

à

ã

/84ÔÞß5F

A

/4>'Þß5k9</123/4659´;E1J/8465'5

ã

ã
/84'Þß59¶gÞåê 8/ 4>'Þß5

(2.33)

Rearranging and collecting the terms of eq. (2.33) gives

à
where ðòFôó

ã

/4>'Þß5]9ñð

ã

ã
A
/4>'Þß5Flg8Þ:ëm / 4>'Þß5]9´g8Þ:ëmj;#1J/465 /4>'Þß5

(2.34)

Þ ëmjê R gÞ:ëm+12/8435 is the wavenumber. Eq. (2.34) is the Helmholtz

equation for the electric field due to two current sources. The first current source is

A

/4>'Þß5  which is the current produced in the source antenna. The second source is
ã
;#1J/465 / 4>'Þß5 , which is the scattering current produced by the change in conductivity
represented by ;#1J/465 . That is, the scatterer acts as an effective current source whose
strength is proportional to the conductivity perturbation ;#1J/465 and the electric field
strength

ã

/84>'Þß5 within the scattering volume.
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Background Field Solution
I find the solution to eq. (2.34) by decomposing the total field into the part caused by the

ã

background conductivity 1«/8465 which I denote

ã

m#/84ÔZÞß5 , and the part caused by the

7/4>'Þß5 . The total field is given by
ã
ã
ã
ã
ã
/84Ô Þß5F m#/4>'Þß59 7v/84ÔÞß5 . Note that m#/4>'Þß5 and /4>'Þß5 are the general frequency

scatterer which I denote

domain expressions for 0/123/465+5 and ?0/812/84659;#1J/465+5 given in eq. (2.11). The
Helmholtz equation for

ã

à

m#/84>'Þß5 is given by
ã

m#/84ÔÞß5k9ñð

with the boundary conditions that

ã

ã

A
m#/4>'Þß5ïFlgÞ:ëm / 4>'Þß5

m/4>'Þß5õ

@ as 4~õ

(2.35)

ö . To find the solution to eq.

(2.35) I assume a homogeneous background conductivity and a boundless domain, then



employ the full-space Green’s function for the field at 4 given a source position 4÷ In 3D
the Green’s function is (Ward and Hohmann, 1988)

ø

/4>4 ÷ 'Þß5F


-3ùßË 4 R 4 ÷ Ë


ì p Çú?û È p È ü û

(2.36)

In 2D the Green’s function is

ø

w
g u7

/4>4 ÷ [Þß5F
M/ ðË 4 R 4 ÷ Ë[5
m
- ý

(2.37)

w
7
u
where m / ðË 4 R 4÷MË[5 is the Hankel function (Abramowitz and Stegun, 1975). The whole
ý

space Green’s function is appropriate for this problem because both the source and
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receiver are within the medium. The integral solution is given by

ã
If

A

m#/84>'Þß5Fg8Þ:ëm

is a point source located at 46m and

source wavelet, then

A

A

| 
ªÿþ ø
A
/84Ô+4 ÷ 'Þß5 /84 ÷ 'Þß5 \ ÷
ü

(2.38)

/^Þß5 is the frequency domain representation of the

A
/4Em?'Þß5F<;/4#m 5 ^/ Þß5 , and eq. (2.38) reduces to
ã

or

ã

in 3D and

ã

m/4>'Þß5Fg8Þ:ëm

ø

A
/4>4#m.'Þß5 ^/ Þß5

(2.39)


gÞ:ëm
A
m#/4>'Þß5F
/^Þß50ì p ú.û È p È û
-3ù Ë 4 R E4 m6Ë

(2.40)

w
Þ:ëkm u 7
A
R
m#/4>'Þß5ïF
M/ ðË 4 R 4ºË[5 /Þß5
m
- ý

(2.41)

in 2D. eqs. (2.40) and 2.41 provide the background field solutions due to a point
delta-type source in 3 dimensions and 2 dimensions respectively.
Scattered Field Solution
The equation for the scattered field
by

à

ã

ã

7v/84ÔÞß59ñð

/84ÔZÞß5 caused by a conductive scatterer at \S÷ is given
ã

ã
7v/4>ZÞß5FlgÞ:ëkm;#1J/465 / 4>'Þß5

(2.42)

|
ªÿþ ø
ã
/84>4 ÷ 'Þß5;E1/4 ÷ 5 / 4 ÷ 'Þß5 \ ÷
ü

(2.43)

which has the integral solution

ã

7v/84>'Þß5Fg8Þ:ëm
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where

ø

/84>4#÷'Þß5 is the 3D or 2D Green’s function as given in eq. (2.36) and (2.37)

respectively. Using the discretization given in eq. (2.17), eq. (2.43) becomes

ã

7/4>'Þß5Flg8Þ:ëmj;#1>=

ª

dÙ

| 
ã
/84Ô+4 = 'Þß5 / 4=.'Þß5 Ò?=
ø

(2.44)

I assume that Ò.= is small enough that the Green’s function is approximately constant
within Òv= at a particular frequency, and may be taken out of the integral. I also assume ÒE=
is small enough that

ã

/84?=.Þß5 is approximately constant within Ò.= and may also be taken

out of the integral. This assumption requires that the dimensions of Ò#= be much smaller
than the wavelength of

ã

/84?='Þß5 (Ishimaru, 1978). In a practical application such as radar

tomography the cell size must be smaller than the dominant wavelength of the electric
field within the cell. Under these conditions eq. (2.44) reduces to

ã

7v/4>'Þß5FgÞ:ëm+;E1>= Ò?=

ø

ã
/4>4 = ' Þß5 8/ 4=?'Þß5

(2.45)

where 4v= denotes the position of the centroid of Ò= for the remainder of the derivation.
To obtain the scattered field solution in eq. (2.45) I replace
background field solution such that

ã

/84.='Þß5

 ã

ã

/84='Þß5 with the

m/4='Þß5 or apply the Born approximation

(Ishimaru, 1978). This gives

ã

7v/4>'Þß5ïF/g8Þ:ëW5 ;#1>=jÒ?=

ø

/4>4='Þß5

ø

A

/4=.4#m.'Þß5 ^/ Þß5

Finally, substituting eq. (2.36) into eq. (2.46) gives the 3D solution for

ã

ã

(2.46)

7v/4>'Þß5 as

wA
Þ ë m Ò?=;#1>=

Çú
û
û
û
û
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È
È

È

È

7v/4>'Þß5F R 
ì p
^/ Þß5
p
p
a6ù Ë 4 R 4 =ËË 4= R 4Em6Ë

(2.47)
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The total electric field measured at the receiver is

ã
ã

/4>[Þß5F

ã

m#/84ÔÞß59

ã

7/4>'Þß5


wA
g8Þ:ëm
Þ ë m Òv=v;#1>=
A
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û
û
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û
û
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/84>'Þß5F
/Þß5ì p p R 
ì p
/ Þß5
p
p
-6ù Ë 4 R #4 m3Ë
a6ù Ë 4 R 4 =ËË 4= R 4#mË

(2.48)

Eq. 2.48 is the fundamental equation used in computing the EM field due to a conductive
perturbation in a homogeneous medium. It is the total field solution for a single scatterer
under the Born approximation. In the next section I show how this equation is used to
approximate the Fresnel volume sensitivities.
Sensitivity Computation and Analysis
Sensitivities Using Scattering Theory
I begin by discretizing the 3D computational domain into small cells. The volume ÒE= of
cell  must be small enough that the electric field and the Green’s function within the cell
are approximately constant at any moment in time so that eq. (2.47) holds. I show in
section 2 that for a 100 MHz Ricker wavelet with a corresponding dominant wavelength
of approximately 1 meter, the integral solution presented here matches well with the finite
difference solution when the cells are cubes with 0.25 m sides, or about 25% of the
dominant wavelength. Once a discretization is chosen, the center point of cell  is used to

Ë 4= R 4#m3Ë and Ë 4 R 4v=Ë in the solution for the scattered field caused by cell  .

The time domain source term / 5 is a shifted Ricker wavelet defined by

compute





/ 5JF/ R

"

ù ¥m / R



w w
 (   u
u
¬p ¬°
5 5  p

(2.49)
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where ¥Em is the dominant source frequency and
the source function is defined,

ã

+

is a time shift to ensure causality. Once

m#/4>'Þß5 is computed by eq. (2.40) and */123/465+5 is

computed by

?0/812/8435'5F
where





p 7 /M¦emE/4>'Þß5+5

(2.50)

p 7 /M5 is the inverse Fourier transform operator.

Eq. (2.50) is the background field solution for a point source with an isotropic
radiation pattern. To illustrate the implementation of more complicated radiation patterns,
consider the general source and receiver radiation patterns n




/ o2^5 and n M/ oY85 where oY is

the source-receiver angle with respect to horizontal associated with the g ¬  source-receiver
configuration. Then the background field is given by

?/123/465+5F





p 7 /¦m#/84>'Þß5+5ÿn / o285'n / o285

(2.51)




/ o285Fn M/ oY^5F./ o285 .

The final step with respect to the background field is to integrate

/M#/123/465'5+5 over the first
)

In this work I assume dipole type radiation patterns such that n

pulse. I do this with a simple algorithm that identifies the arrival time
the first pulse

(0)

as shown in Figure 2.3, and then integrates

and the end of

/#*/123/465+5'5 numerically

between these limits.
For those cells within the Fresnel volume corresponding to shot receiver orientation g ,
the total field for each scatterer .0/123/4659´;E1>=v5 is computed by adding the scattered field
solution to the background field solution. The scattered field solution, which I label

678/812/8435k9;#1>=?5 , is computed in a manner analogous to the computation for E*/123/465+5 .
First ¦I7v/84ÔÞß5 is computed by eq. (2.47). For isotropic radiation and sensitivity patterns,
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678/812/8435k9;#1>=?5 is given by
6780/123/4659´;E1>=v5JF




p 7 /8¦7?/4>'Þß5+5

(2.52)

If I assume isotropic scattering and source and receiver radiation patterns given by

 
 
n M/ o [= ) and n / o [=5 , then 678[=6/123/4659;#1>=?5 is given by
6780/812/84659;#1>=?5JF

where o





 
 
p 7 /M¦7?/4>'Þß5'5ºn / o [=5+n /Mo Z=v5

(2.53)


[= and o [= are the vertical angles between cell  and the source and receiver

respectively for source-receiver configuration g . Eq. (2.53) explicitly shows how
amplitude of the scattered field is affected by the radiation patterns and the position of the
scatterer with respect to the source and receiver. The total field is given by

?0/123/4659´;E1>=v5JFl?/812/8435'596780/123/4659;#1>=?5



(2.54)

Finally, I integrate over the first pulse of */123/4659;#1>=v5 as discussed above and compute

V [=N as shown in eq. (2.21). A similar procedure is used to compute V N for the 2-D
problem using the 2-D Green’s function shown in eq. (2.37).
Finite Difference Approach
I verify the analytical solutions for /812/8465+5 , ?0/123/4659´;E1>=v5 and 378*/123/4659;#1>=v5 by
comparison with the 2-D finite-difference time-domain solution to the vertical component
of the EM field given by Holliger and Bergmann (2002). They also assume dipole type
antennas with a time-shifted Ricker source wavelet so the results are directly comparable.
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The finite-difference solutions for the background and total fields are computed directly.
Then the scattered field is determined by 78/123/4659´;E1>=v5F<?0/812/84659;#1>=?5

R ?*/123/465+5

for comparison to the scattering theory solution. I also use the finite difference solution to
produce synthetic data to compare with the Fresnel zone and straight-ray forward and
inverse solutions. Finally, I compute the full waveform sensitivity distribution about the
synthetic solution in a manner analogous to the Fresnel zone computations. However, in
this case 123/465 represents the true conductivity distribution so that the sensitivities are
computed about the solution. I denote the full waveform sensitivity distribution by
and use

VÚNYX

VNYX as the benchmark solution to compare the the properties of VÚP and VN in the

SVD analysis.
Synthetic Data Inversion and SVD Analysis
One of the goals of this chapter is to show quantitatively how the Fresnel zone sensitivity
kernel

V N represents the physics of wave propagation better than the ray theory sensitivity

kernel

V P , and to show how inverse solutions produced using VN result in better resolved

images with less artifacts. I do this for a synthetic test case by comparing the properties of

V NYX to V N and V P using SVD analysis. I consider the case where there are more
parameters than data and regularization is introduced only by truncating the number of
basis functions in the solution obtained from the SVD analysis. No additional a priori
constraints are imposed in the inverse solution. To make the analysis directly comparable,
I produce synthetic data under low loss conditions so that the relationship between
attenuation coefficient and bulk conductivity is approximately linear, and the straight-ray
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sensitivity kernel may be given as (see Appendix)

V P F
where

V P  ó 
"

(2.55)

V P is the straight-ray Jacobian matrix shown in eq. (2.5). Under this

transformation, VWP ,

VN and VNYX have the same units .

The objective of the inversion is to find an optimal set of conductivity perturbations

/M;#15 that minimizes in the least-squares sense the difference between the data /;6KÜ5 and
the model output

/0V;E15 . To examine the effect of scattering theory and straight-ray

physics on the inverse solution I avoid incorporating apriori information into the solution,
and therefore only data misfit contributes to our objective function. The objective function
can be written as

!  ËË%V;#1 ;6K ËË 
R

(2.56)

The standard least-squares solution is obtained by solving the normal equations given by


V  V;#1ÓF¸V  ;EK
Using SVD,

(2.57)

V can be decomposed into (Golub and Van Loan, 1983)
V©F#"%$\ 

where " is a matrix of singular vectors in the data space, \

(2.58)
is a matrix of singular vectors

(or basis functions) in the model space, and $ is an ordered diagonal matrix of decreasing
singular values. For the model geometry in the synthetic example the reconstructed
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solution ;#1 is given by

where \B\

;#1F\ \  ;#1ÓFl\&$ p 7 "  ;EK

(2.59)

 is the resolution matrix and ;#1 is the exact solution. Eq. (2.59) can be written

alternatively as

;#1F

 ú
=']7

'

" =  E; K
\ÿ
$ = (


where ð is the truncation index. For example, if )]ú*]7



(2.60)

@ then ð would be the maximum

truncation index for the truncated SVD solution and the resolution matrix will not be

\B\ ,F
+ - ). Eq. (2.60) shows that the reconstructed solution is a linear
C
combination of basis functions \« weighted by the coefficients " =  ;EK $= . To compare the
identity (i.e.

scattering theory and ray-based Jacobian matrices to the full waveform Jacobian matrix, I
show the model basis functions and singular values as a function of truncation index. The
full waveform Jacobian matrix represents the true physics and is the benchmark with
which I compare the scattering theory and ray-based Jacobian matrices. The rigor of
either method is evaluated based on how well the basis function and singular value
properties match those of their full waveform counterparts. I also show Fresnel zone and
ray-based ;#1 distributions at several truncation points to illustrate how the solution is
being constructed as more basis functions are included in the solution. This analysis
yields insight into how and why the physical improvement represented by the Fresnel
zone inversion provides a more resolved solution with less artifacts than the ray-based
inversion.
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Results and Discussion
Sensitivity Distributions, Radiation Pattern Effects, and Data Predictions
Figure 2.4 shows the scattering theory and finite difference solutions for E0/81J/465'5

?0/81J/4659´;E1>=v5 and 6780/81J/4659´;E1>=v5 . The finite difference grid consists of 5 cm cells
which are small enough to effectively remove numerical dispersion (Holliger and
Bergmann, 2002b). A large ;E1Ô= was chosen to illustrate the difference in first pulse
amplitude between ./81J/465+5 and ?*/1J/84359´;E1>=v5 and to show the close proximity of the
scattering theory solution to the finite difference solution when ;E1º= is large. Although the
conductivity difference is an order of magnitude greater than the background conductivity,
the relative background and scattered field amplitudes are approximately equal for each
solution. This result suggests that for the case of a single scatterer the second and higher
order terms of eq. (2.14) are insignificant, and that most of the sensitivity errors are due to
multiple scattering effects that become operative in heterogeneous conductivity
distributions. Although the Fourier amplitudes of each solution are identical, there is a
slight difference in the phase of the solutions which is due to the manner in which the
source functions are implemented. These phase differences are of little consequence in the
computation of

VN because the phase of each background and scattered solution depends

on the phase of the source function such that the effect on the first pulse sensitivity of the
total solution is independent of phase. Thus, the sensitivity of the change in first pulse
energy to the scatterer is comparable between the scattering theory and finite difference
solutions.
Figure 2.5 shows the 2D distribution of Fresnel zone sensitivities and compares the
scattering theory and finite difference sensitivity distributions about a homogeneous
background. The distributions are similar, with peak sensitivities near the source and
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receiver positions. Sensitivities are depressed along the raypath where ray theory
concentrates all of the sensitivity. The largest errors in the sensitivity approximations
occur near the source and receiver positions where equipotential surface curvatures are
large and the assumption of a constant electric field within cells may be violated.
Reducing the size of the cells near the antenna positions will reduce these errors. Larger
errors may occur when the model is heterogeneous and multiple scattering becomes
operative. In practical applications the true conductivity distribution will always be
heterogeneous (or else there would be nothing to image) so that multiple scattering errors
arise in the scattering theory sensitivities. I expect the finite difference sensitivities to be
more accurate than the scattering theory sensitivities in this case. However, the scattering
theory sensitivities are more efficient to compute. In Figure 2.5, the finite-difference
sensitivity distribution takes approximately 90 minutes to compute whereas the scattering
distribution takes approximately 1 second on the same computer. As a result, I
parallelized the finite-difference forward code to expedite the computation of
show in the SVD analysis that the scattering theory sensitivities in

VÚNYX . I will

VN have properties (i.e.

singular values and basis functions) similar to the exact sensitivities in

VNYX computed

with the finite difference solution. This suggests that under the appropriate circumstances

VN can provide inverse estimates similar to those provided by VNYX with a dramatic
increase in computation efficiency.
Scattering theory and finite difference sensitivity distributions for a high-angle
source-receiver configuration and dipole type radiation pattern are shown in Figure 2.6.
The dipole radiation pattern causes the sensitivity distribution to skew toward cells that are
oriented horizontally with respect to the source and receiver. Figure 2.7 shows isosurface
and cross-sectional representations of 3D scattering theory Fresnel volume sensitivity
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distributions for isotropic and dipole type radiation patterns. In the isotropic case the
sensitivity distribution is symmetric about the corresponding straight-ray and insensitive
along the raypath, assuming a doughnut type shape in planes normal to the ray path.
Figure 2.7b shows the sensitivity distribution when dipole type radiation patterns are
implemented. The distribution normal to the corresponding ray path assumes a horse-shoe
type shape with the maximum sensitivities skewed toward horizontal.
As discussed in section 2, differencing attenuation data causes radiation pattern effects
to cancel when waves propagate as rays and radiation patterns are time invariant. This is
only true in infinite frequency propagation. Figures 2.6 and 2.7 show that finite frequency
attenuation-differences are influenced by radiation pattern effects because the sensitivities
of attenuation-differences within the Fresnel volume are influenced by radiation patterns.
Assuming radiation patterns cancel through data differencing could cause significant
forward model error and inverse solution artifacts in the straight-ray case. Scattering
theory sensitivities can account for these effects if the radiation patterns are known or can
be adequately approximated.
Another interesting aspect of the sensitivity distributions are the depressed sensitivities
along the ray path in the 2D case and the complete insensitivity along the raypath in the
3D case. Similar velocity sensitivity distributions have been documented in seismic wave
theory (Marquering et al., 1999). However the reason for the insensitivity along the ray is
different in this case. In the seismic case, energy scattered from points along the ray
arrives in phase with the background wavelet so that only amplitudes are affected in the
total wavelet (Hung et al., 2001). Thus there is no travel time shift required to correlate the
background and total wavelets and there is no sensitivity along the ray. In the EM wave
propagation case, the scattered wavelet arrives .@ degrees out of phase with the
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background wavelet for points along the ray. This is illustrated by the equation for the
total field given in eq. (2.48). For points along the ray the complex exponential terms in
the background and scattered wavelets are equal. However, the background wavelet
coefficient contains the complex number g and the scattered wavelet does not. Thus the
scattered wavelet is phase shifted with respect to the background wavelet for points along
the ray. This phase shift causes equal amounts of constructive and destructive energy to be
added to the first pulse of the background wavelet, which is the cause of the insensitivity
for conductive scatterers along the ray. The effect is displayed graphically in Figure 2.8
which shows a background and scattered wavelet for a scatterer placed on the ray. The
zero sensitivity region can be distorted when radiation patterns are anisotropic as shown in
figure 2.7.
To compare the accuracy of the Fresnel zone and ray-based forward models, I used the
finite difference solution to generate a set of background traces for a homogeneous
medium. These traces correspond to #

 in eq. (2.9). Next I added conductive anomalies

representing a tracer or contaminant plume (i.e.

;#1J/465'5 to the background and generated

the traces representing   . The ’true’ synthetic data ;6KL were then computed by eq. (2.9).
To compute the Fresnel zone and straight-ray predictions of ;EKò , ( ;EK
respectively), I computed

N and ;EK P

VN and VP and then the predicted data by

;EK N F


=

V Z=N ;E1>= and ;EK P F


=


V [=P ;E1>=

(2.61)

Figure 2.9 shows the ;E1 distribution, the true data cross-plot, and the Fresnel zone and
ray-based data prediction and prediction error cross-plots.
The data prediction and prediction error cross-plots in Figure 2.9 are useful for
evaluating the accuracy of each model. If the model performs well, both the shape and
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magnitude of the predicted data cross-plot will match that of the true data cross-plot. The
Fresnel zone model tends to over-predict some of the data but in general the shape of the
distribution matches that of the true data reasonably well. In comparison, the ray-based
model significantly mis-predicts both the magnitude and the distribution of the data. Thus,
the Fresnel zone inverse solution will fit the data well when the inverse solution ;E1/ is
approximately equal to the true solution ;#1



This is not the case for the straight-ray model,

and the straight-ray inversion may impose artifacts in order to fit the data.
This point is further illustrated by a thought experiment. Figure 2.10 compares

VÚN and

VP versus cell number for a particular shot receiver pair. The total integrated sensitivity
for each case is approximately equal. This is a requirement since, under low loss
conditions, the Fresnel zone and straight-ray models must predict the same data for large
scale ;#1J/8435 distributions, such as when ;#1J/465 is homogeneous (Spetzler and Snieder,
2004). However, because the ray-based sensitivities are concentrated along the ray, cells
through which the ray passes have erroneously high sensitivities, causing the large data
over-predictions shown in Figure 2.9d. Cells within the Fresnel zone but not directly in
the path of the ray have zero sensitivity in the ray-based case which is erroneously low,
causing the data under-predictions shown in Figure 2.9d. Now consider the case of the
two shot-receiver pairs shown in Figure 2.10b. In the ray 1 case, the ray does not directly
pass through the conductive anomaly. However, the anomaly is within the Fresnel zone so
the datum associated with that ray will be effected by the anomaly. In order to fit the
datum associated with that ray, the ray-based inversion must smear the boundary of the
anomaly to the ray which results in a loss of spatial resolution. The ray-based inversion is
forced to expand the boundaries of the estimated anomaly to fit the data associated with
rays passing near the true boundaries. This smearing is a consequence of model error and
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increases as frequency decreases, Fresnel zones become wider, and the ray-geometric
approximation becomes less valid.
Next consider ray 2 in Figure 2.10b. In this case, the ray passes directly through the
anomaly and the anomaly encompasses only a part of the Fresnel zone. The ray-based
inversion is not forced to expand the boundaries of the estimated plume to fit the datum in
this case, but because the sensitivities along the ray are too high, the cells through which
this ray passes must have conductivity change values that are too low or oscillatory in
order to fit the datum associate with the ray. The overall result in the inverse estimate is
that the estimated conductivity change values are too low. The SVD solutions I will show
illustrate both the boundary smearing effect and low predictions caused by model error in
the ray-based inversions.
SVD Analysis
To illustrate how the physical improvement in the Fresnel zone representation of wave
propagation leads to more accurate and resolved attenuation-difference estimates, I
conducted a SVD analysis of a synthetic case. I constructed

VNYX , VN and VP for the

model geometry shown in Figure 2.9-a, only with sources and receivers at 1 m intervals
from 0 to 15 m for a total of 256 data points. Recall

VWNYX , VN and VP are respectively the

full waveform, scattering theory and ray-based Jacobian matrices.

VÚNYX was computed

about the true solution and contains the exact sensitivities. Parameter cells are 0.25 m
squares for a total of 1680 parameters. Figure 2.11 shows the non-zero singular values
corresponding to

VNYX , VN and VP as a function of increasing index number. The

spectrum shows that the singular values begin at approximately the same magnitude of

 á 

@10 . The straight-ray singular values initially drop and then cluster around the value of
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approximately



@ 0 whereas the full waveform and scattering theory singular values

steadily decrease displaying a decay in the singular value spectrum. Based on the singular
values alone, we might conclude that the ray-based method will provide a better solution,
since the singular values for the ray-based case are greater than the singular values for the
scattering theory case. This would be true if the nature of the basis functions \k were
comparable between the two methods. However, these basis functions show a significantly
different character. Figure 2.12 shows the basis functions corresponding to selected
singular values in Figure 2.11. The full waveform and scattering theory basis functions are
similar beginning with a smooth slowly-varying nature and gradually become more
oscillatory with increasing index. In addition, these basis functions display more
localization than the straight-ray counterparts. For example, the first basis function for the
straight-ray case is essentially providing a measure of ray coverage, where the
corresponding full waveform and scattering theory basis functions are more localized and
exhibit less X-pattern smearing typical of ray-based methods. With respect to the first
basis function, the first

VÚN

VNYX basis function is distorted displaying the effects of the

heterogeneous background that are not accounted for in the scattering theory
approximation. However, the full waveform and scattering theory basis functions display
a similar structure at each index. The straight-ray basis functions quickly become
oscillatory and less localized and are dominated by the X-pattern feature. As the basis
functions are scaled and added to construct the inverse estimates, the X-patterns transfer
to the solution as artifacts. This suggests that the X-pattern artifacts in many ray-based
geophysical tomographic inversions are not only caused by limited aperture data
collection geometries, but are exacerbated by the ray approximation. Based on the nature
of the basis functions shown in Figure 2.12 I would expect less of these artifacts in the
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scattering theory solution even though the data collection geometry is the same in both
cases. This X-pattern is also evident in higher order scattering theory basis functions, but
is more prevalent in the straight-ray case.
I used the finite difference solution to compute the data for this case and added
normally distributed noise with a standard deviation (

Aï 

K 5 of % of the maximum data

value. To evaluate how well the predicted data fit the true data I use the chi-squared (_
criterion

5

 465
)5x
/;6K ¬ R ;EK
5¿
(2.62)
x
7 , ;EK  465 is the true data and ;6K )j:5Mx is the predicted
where 2
is a diagonal matrix of
¬
P7 897
data. When the data are appropriately fit, the expected value of _ is equal to the number
"
of data points which is a in this case. Figure 2.13 shows the _ value versus truncation
_

Fô¿32

x

index for the truncated scattering theory and straight-ray SVD solutions. The _
prediction errors decrease more quickly with truncation index in the scattering theory
inversion indicating that the Fresnel zone inversion is able to fit the data with fewer
high-order oscillatory basis functions, limiting the buildup of artifacts. This is also evident
in the singular value spectrum. The clustering of singular values for the straight-ray case
would indicate that if the singular value magnitude corresponding to the noise level is
below this clustering then high index oscillatory basis functions would contribute to the
solution. However, the decay of the singular values in the scattering theory case indicates
that given the same singular value magnitude, the Fresnel zone solution would introduce
fewer high index oscillatory basis functions in the solution, reducing the buildup of
artifacts. This is intuitively appealing since the physics of EM wave propagation are better
represented by the Fresnel zone sensitivity distribution. Thus a lesser number of good
basis functions are able to fit the data better than a larger number of poor basis functions.
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Figure 2.14 shows the construction of the SVD solutions for each method at several
truncation indexes. The magnitude of the conductivity difference values is immediately
evident. The straight-ray solutions under-predict true conductivity difference values. As
discussed previously, these estimates are too low because the ray-path sensitivities are too
large. Low ray-based inverse estimates were also noted by Holliger and Bergmann (2002)
who used synthetic data and ray-based inversions to estimate attenuation coefficient
values for a known model. The scattering theory solutions also under-predict the true
values, but to a lesser degree. With respect to spatial resolution the scattering solution is
able to distinguish between the two center anomalies while the straight-ray solution is
unable to localize the two peaks. The scattering solutions also resolve the upper anomaly
more effectively, while the straight-ray solution tends to smear the boundaries and obscure
the peak. The boundaries of the straight-ray estimates are expanded with respect to the
true solution because ray theory does not account for the sensitivities of cells adjacent to
the rays. This is particularly evident for smaller scale features such as the anomaly at



approximately m depth in Figure 2.9a. Although somewhat hidden by the color scale,
the straight-ray solutions are more significantly marked by X-pattern artifacts as expected.
As the truncation indexes increase toward the target index for each method, the scattering
theory solutions become more resolved while the straight-ray solutions change slowly and
are unable to resolve the three separate peaks.
I have shown that under conditions common to GPR tomographic surveys, the physics
of wave propagation represented by

VWN are more accurate than the physics represented by

VP . This physical improvement results in more resolved tomograms both in terms of the
magnitude and spatial distribution of bulk conductivity changes. But how well do inverse
tomographic estimates using

VWN compare to the best possible estimates we might obtain
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by using a Jacobian matrix with insignificant sensitivity errors such as

VNYX ?

We could answer this question for the synthetic example by conducting the full
waveform inversion using the finite difference solution to compute

VNYX . The full

waveform solution would likely require several iterations, each with an update of
computed

V NYX . I

VNYX on the Beowulf cluster at Boise State University. The computation of

V NYX for a single iteration required 1.5 days of parallel computation time on 100 2.4 MHz
Pentium IV processors. Thus I deemed the full inversion an excessive computational
burden. In contrast, computation of

VWN for the synthetic problem only required

approximately 15 minutes on an single processor machine running a 2.2 MHz Pentium IV
processor. This represents an immense computational savings at the expense of losing
some accuracy in the sensitivity approximations. Although the full waveform solution was
not computed, comparison of the basis functions and singular values for
gives insight into the accuracy lost by approximating V

V N and V NYX

NYX with V N . Although the effects

of heterogeneity in ;E1/465 are evident in the full waveform basis functions, the full
waveform and scattering theory basis functions display similar properties in terms of
shape and magnitude. In addition, the singular value spectra for each case are nearly
identical. When the inverse estimates are constructed, we have similar basis functions
being scaled by similar singular values and then added to construct the solutions. Thus,
the inverse estimates provided by

V N are likely similar to those provided by V NYX with a

significant decrease in computational effort.
Conclusion
I have presented an efficient method of approximating Fresnel volume sensitivity
distributions for use in GPR attenuation-difference tomography in environments where
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dielectric contrasts are small and ray representations of wave propagation are straight. The
characteristics of these distributions are similar to those shown by Marquering et al.
(1999) in seismic propagation problems. Namely, the distributions display the paradoxical
result that the Fresnel volume sensitivities are zero along the ray-path. I have included in
the approximation the affects of radiation patterns and have shown that radiation patterns
effect attenuation-difference data and are important in attenuation-difference tomography.
The SVD analysis provided several interesting insights into common observations in
ray-based inverse estimates. In particular, ray-based basis functions tend to impose the
X-pattern artifact on the inverse solution. I also showed with a data prediction example
that the Fresnel zone forward model represents EM wave propagation better than the
ray-based model. In the SVD analysis, I showed how this physical improvement in the
forward model results in more accurate and resolved inverse estimates of bulk
conductivity changes. The physical improvement is most evident when comparing the
scattering theory and the full waveform model basis functions and singular values which
display similar behavior. When dielectric heterogeneity is insignificant, bulk conductivity
changes are relatively small, and EM waves propagate under low loss conditions, Fresnel
volume sensitivities approximated with scattering theory can provide inverse estimates
that are good approximations to the solutions provided by full waveform inversions with a
significant decrease in computational effort.
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Figure 2.1: a) Field examples of #j and .  gathered during a conductive tracer experiment
j8Ü ºÉI

and the corresponding theoretical Fresnel zone boundary. Note
and 
#"%$B
j
(*)
are approximately equal for each trace and that the region between
and
includes the ’first pulse’. The velocity was estimated by dividing the offset by the time to
the peak of the first pulse which is most appropriate for Fresnel zone applications (Vasco,
1995). b) The Fresnel zone boundary bounds the region in space to which the first pulse is
sensitive.

Figure 2.2: Notation diagram for theoretical development.
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Figure 2.3: Integration limits of background wavelet computed with the scattering theory
solution. The algorithm determines
first arrival time

',)
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by finding the zero crossing of the first pulse. The

is determined by picking the time where the wavelet amplitude exceeds

a user defined value. The first pulse time

 is slightly greater than - ns in this case. In

practice this wavelet would be used to compute the Fresnel volume sensitivities of a field
trace with a first pulse time of approximately - ns.
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Figure 2.4: Scattering theory (S.T.) and finite difference (F.D.) solution comparisons. a)
Source position, receiver position, scattering size, magnitude, and Fresnel volume boundary. b) Scattering theory and finite difference background solutions E*/123/465+5 . c) Scattering
theory and finite difference scattered solutions 78/812/846529

;#1>=v5 . d) Scattering theory back-

ground and total field solutions. e) Finite difference background and total field solutions.
f) Scattering theory background and total field first pulse, integration limits and sensitivity
estimation. g) Finite difference background and total field first pulse, integration limits and
sensitivity estimation. The sensitivity estimations are comparable in each case.
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Figure 2.7: 3D scattering theory Fresnel volumes. Isosurfaces at a sensitivity value of 1.
Source (x,y,z) = (1,0,-1)m. Receiver (x,y,z) = (7,0,-15). Cross section is z-normal at z = -12
m. a) Sensitivities assuming isotropic radiation pattern. b) Sensitivities assuming dipole
type source and receiver radiation patterns.
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CHAPTER 3
TIME LAPSE IMAGING OF A CONDUCTIVE TRACER PLUME USING FRESNEL
ZONE GPR ATTENUATION-DIFFERENCE TOMOGRAPHY
Introduction
Ground penetrating radar (GPR) attenuation-difference tomography is a relatively new
method of geophysical imaging that can provide valuable non-invasive information on the
distribution of aquifer properties (Day-Lewis et al., 2002; Lane et al., 1999). In addition to
monitoring applications, time-lapse tomographic images of contaminant or tracer plumes
can help reveal the distribution of the aquifer properties that govern fluid transport. The
utility of GPR attenuation-difference tomography in providing information concerning
aquifer properties is directly related to the ability of the tomography to resolve small-scale
features of the plume. To date, the most common method of attenuation-difference
inversion employs ray theory, which assumes waves propagate at infinite frequency.
Under the ray assumption, the sensitivity distribution from source to receiver is expressed
as a line integral along the ray-path, resulting in a loss of resolution when the actual wave
propagation frequency is not infinite. In Chapter 2 I presented a method of providing more
resolved tomographic images of temporal changes in bulk conductivity using Fresnel zone
attenuation-difference tomography. The Fresnel-zone sensitivity matrix represents the
physics of EM wave propagation more accurately than ray-theory by accounting for finite
frequency wave propagation using scattering theory. In this chapter, I build upon the
theory of Fresnel zone attenuation-difference tomography by demonstrating the method
with a field example and comparing the results to the corresponding ray-based results. My
objective in this chapter is: 1) to demonstrate how attenuation-difference data are reduced
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in Fresnel-zone attenuation difference tomography, 2) to generate Fresnel-zone
attenuation difference tomograms using field data sets and compare the results to the
corresponding ray-based tomograms, and 3) to demonstrate, using field data, that
Fresnel-zone attenuation-difference tomography provides more resolved images of
changes in bulk conductivity than does ray-theory.
I demonstrate a field application of Fresnel zone attenuation-difference tomography
(FADT) by imaging an electrically conductive (bromide tracer) plume as it migrates
through the subsurface over two successive days. I also show the corresponding ray-based
attenuation-difference tomography (RADT) tomograms for comparison. I begin with a
brief theoretical review of the differences between FADT and RADT and show how the
sensitivity matrices are computed for each. Next I demonstrate and discuss how the field
data are reduced including the determination of background velocity, frequency, first pulse
power estimation, and location of cells within the Fresnel zone. The inverse problem is
solved using the LSQR algorithm (Paige and Saunders, 1982) and noise is estimated using
the L-curve method (Hansen, 1992). I spend some time discussing the L-curves and the
insight they provide concerning the signal-to-noise ratio in GPR attenuation-difference
data. Finally I display the tomograms and compare the results to fluid conductivity
measurements collected in a test well within the tomographic plane.
The results of the field example are similar to the results shown in the synthetic
example in Chapter 2. Namely, the FADT tomograms are better resolved than the RADT
tomograms both spatially and numerically because the FADT sensitivity matrix accounts
for finite frequency propagation effects. While the FADT and RADT tomograms display
the same general plume locations, differences in the tomograms could lead to significantly
different interpretations of the aquifer properties that govern the dimensions of the plume.
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The physical improvement in the representation of wave propagation provided by FADT
allows us to better leverage the information in the data and produce more accurate images
of the plume, leading to a more accurate understanding of the distribution of aquifer
properties that affect contaminant migration.
Theoretical Review
Ray-based Attenuation-Difference Tomography (RADT)
In ray theory, the equations describing the physics of wave propagation are simplified by
assuming waves propagate at infinite frequency. Under this assumption the sensitivity of
wave amplitudes and arrival times are distributed along lines (or rays) such that wave
propagation can be represented by a line integral. For electromagnetic (EM) wave
propagation, electric field amplitudes can be expressed as (Day-Lewis et al., 2002;
Holliger and Bergmann, 2002b; Lane et al., 1999)

6p / q z r0{ s.| tvu
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where } is the ray-path length from source to receiver, KOm*j is the amplitude of the source


 ,  is the attenuation coefficient distribution at time  , n  is the

source radiation pattern at time  , n  is the receiver radiation pattern at time  , and oY
at position g and time

is the angle between source and receiver with respect to horizontal. In this study KT



corresponds to the first pulse amplitude of trace g in the absence of the bromide tracer
plume. The amplitude of the same trace collected in the presence of the plume (i.e. the
attenuated trace) is labeled KU  . If I assume that source amplitudes and radiation patterns
are independent of time, then the difference between the natural logarithm of KTj and KL
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can be expressed as
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Here the medium has been discretized into 



/KU  ^5JF

=+]7

;6«= L?[=



cells. The parameter ;6=FlW

change in attenuation coefficient at cell  between times

(3.2)

 = R Wj = is the

 and , and L.Z= is the distance

along ray-path g through cell  . In media where galvanic current losses are negligible, or
in low loss media, the change in attenuation coefficient is related to change in bulk
conductivity ( ;#1W5 following the mapping (Jackson, 1999)

;6«=

 ;E1>= ë
"<;

(3.3)

ê

where ë is the magnetic permeability and ê is the dielectric permittivity. In this study I
assume ë is equal to its free space equivalent and that ê is constant. The constant ê
assumption requires velocity variations within the medium to be small enough that rays
travel in approximately straight lines, because EM wave velocity is primarily a function of

ë and ê (Jackson, 1999). The choice of constant ê is based on the relatively small
variations in EM wave velocity at the site where the field test is conducted. Substituting
equation (3.3) into equation (3.2) gives

;6èâF>=;#1
in matrix form, where

(3.4)



 
 
V Z=P F@? Å Ù ó   and ;EKLkF
M/ KLj 85 R
M/ KL  ^5 . Equation (3.4)

provides a linear mapping relating changes in bulk conductivity between times

 and

the corresponding change in amplitude of the data. In the straight ray case, I image the

to
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tracer by inverting  = to determine the distribution of ;E1 .
Fresnel-Zone Attenuation-Difference Tomography (FADT)
A complete description of the theory behind FADT is given in Chapter 2. Only a brief
review is presented here. In order to review the theory behind FADT, I must first discuss
how trace amplitudes are measured. The data are defined by

;EKBF
where j /

©¨«ª ¬,®M¯
¬y°±

  / 5

| ²
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R

¬y°±

 j / 5

| ²

(3.5)

5 and .  */ 5 are the time domain traces recorded at times  and . Time

'8

is

the time required for the wave to travel from the source to the receiver (e.g. the first break
time),

(*)

(the ’first pulse’ time) is the time to the first zero crossing after

amplitude of the trace between times

+8

and

(*)

+

. The

is only sensitive to points in space such

that energy scattered from those points arrives within this time window. This region is the
first Fresnel volume and includes all points  such that (Cerveny and Soares, 1992)
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'
= is the travel-time from the source to scattering location  and = is the traveltime

from point  to the receiver. The sensitivity of ;EK

to a small bulk conductivity change at

point  (;E1>= ) is approximated by the forward difference operator
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where 1Y3/465 is the bulk conductivity distribution at time

 and position 4 . In this study

123/465 represents the background bulk conductivity distribution in the absence of the
bromide tracer. The wavelets /812/8465

5 and ?/123/4659´;E1>=# 5 are computed using

scattering theory and a first order Born approximation. I assume a dipole radiation pattern
in both the source and receiver antennas when computing the wavelets. Finally, the
Fresnel volume equation relating ;EKU to ;#1Ô= is given by

;Eè FlBAY;E1

(3.8)

in matrix form.
The most important difference between  = and  A is that  A accounts for finite
frequency wave propagation and represents the physics of wave propagation more
accurately than  = . This accounting improves both the spatial and numerical resolution of
inverse estimates of ;E1 . Examples of

V [=P and V [=N for all cells  are shown in Figure 3.1.

The total sensitivities are equal in each case, but the ray-based sensitivities are compressed
to a line. As shown in Chapter 2, the ray-based sensitivities are too large which causes the
inverse estimates of ;E1 to be under-predicted and incorrectly recovered. The ray
approximation also causes a loss in the spatial resolution of ;#1 by neglecting sensitive
regions adjacent to the ray. Both of these effects will demonstrated and discussed in
Sections 5 and 6.
Data Reduction
To show how the data are reduced I begin by considering two traces: a trace collected in
the absence of the conductive plume
presence of the conductive plume

/M#  0/ 5+5 and the corresponding trace collected in the

/M#  */ 5'5 . Field examples of j / 5 and .  */ 5 are shown
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in Figure 3.2. An algorithm automatically finds

8

and

(0)

for each trace and determines

the log energy difference between the first pulses of each trace by eq. (3.5), computing the
integrals numerically. The wave velocity is approximated by dividing the offset (e.g. the
distance between the antenna midpoints) by the time to the peak of the first pulse (Vasco
and Majer, 1993). Once the velocity is known, the Fresnel volume boundary is determined
by eq. (3.6). Conductive changes in cells outside of this boundary do not affect the first
pulse amplitude because energy scattered from these points arrives after

(*)

. Next cells

within the Fresnel volume are located and sensitivity values are computed for cells 
within the volume by eq. (3.7). When each sensitivity value has been computed, the
algorithm moves to the next source-receiver pair and repeats the process, first computing
the background wavelet for that pair and then computing the sensitivities for cells within
the Fresnel volume and placing them in the corresponding row of the sensitivity matrix  A .
Inverse Formulation
The objective of the inversion is to minimize a model objective function subject to fitting
the data given by

cI/M;#1DCFEHG 5Fô¿JILK«/;#1DCMENG R ;6è 5#¿ 9¶ ¿*IPO;E1DCMENGE¿

(3.9)

where  is  = or  A , depending on whether RADT or FADT is being used. The vector

;#1DCFEHG is the estimated solution, IQK is the data weighting matrix that contains the
reciprocal of the standard deviation of the data. In this chapter, IRK is an identity matrix
(e.g. all data are weighted equally). ISO is the model weighting matrix used to regularize
the inverse solution, and  is the trade-off parameter. In this study ITO is the first spatial
derivative operator so that the final solution is smooth in regions where the data do not
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constrain the solution. Taking the derivative of cI/;E1CFEHG 5 with respect to ;#1CMENG , equating
the results to zero and collecting terms provides the normal system of equations to be
solved for ;E1DCFEHG

¾ BUVIRKU ILK 9´VIQOU IQO

À

;E1DCMENG:F/UVIQKU IPK;6è



(3.10)

Equation (3.10) can be efficiently solved by minimizing
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in a least squares sense. I solve for ;E1CMENG using the LSQR algorithm (Paige and Saunders,
1982). The appropriate  value is chosen by the L-curve (Hansen, 1992) method. In the
L-curve approach, the model norm ( cdO

Fô¿;E1DCMENGE¿ ) and the data misfit (or data norm)

/:c&K F ¿ k;E1DCMEHG R ;Eè`¿ 5 are computed for a wide range of  values. Then they are plotted
with the model norm on x-axis and data misfit on y-axis. The characteristic nature of this
curve follows an L shape. At the maximum point of curvature a change in  influences the
model norm and data misfit somewhat equally. To the right of this maximum curvature
point the change in  influences the model norm more than data misfit and vice versa.
Thus the  obtained in the maximum curvature region of the curve is considered to be the
optimal choice and produces a balance between fitting the data and not producing
unwanted model structure as indicated by the model norm. In the absence of noise
estimates, the L-curve method can provide a good measure of the optimal regularization
parameter. I use the L-curve method to estimate the optimal  value for both FADT and
RADT inverse problems. Then I compare ;#1CFEHG constructed using FADT and RADT with
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the corresponding optimal  values.
Time Lapse Imaging Tracer Test at the Boise Hydrogeophysical Research Site
The Boise Hydrogeophysical Research Site (BHRS) is an in situ field laboratory located
on a gravel bar adjacent to the Boise River about 15 km southeast of downtown Boise,
Idaho (Figure 3.3). The aquifer at the BHRS consists of coarse (cobble-and-sand) fluvial
deposits that overlie a clay layer at approximately 20 m depth. Eighteen wells were
installed at the site in 1997 and 1998 to provide for a wide range of single-well,
cross-hole, multi-well and multilevel hydrologic, geophysical, and combined
hydrologic-geophysical tests (Barrash et al., 1999).
In August 2001, a time lapse imaging test was conducted at the BHRS to support
aquifer characterization and to evaluate the use of GPR for monitoring the transport of
electrically conductive fluids (e.g. high TDS plumes) in heterogeneous granular aquifers
(Barrash et al., 2003). A diagram of the inner well-field at the BHRS and the tracer time
lapse test (TTLT) configuration is shown in Figure 3.4. Approximately 1000 gallons of
potassium bromide tracer were injected over a period of approximately 30 minutes into a
4 m thick zone that was packed-off in well B3. This zone was selected to straddle the
contact between a relatively low porosity layer above 11 m in well B3, and a higher
porosity layer below 11 m in well B3 (Figure 3.4, Barrash and Clemo, 2002).
Over the next 17 days, the tracer migrated approximately along the natural gradient,
following a path from well B3 to well B6. Wells B1, B2, B4, B5 and B6 were
instrumented with packer systems that isolated six 1 m zones in the mid-section of each
well that overlapped the 4 m injection zone in B3. Each packer system was constructed to
allow for the presence of radar antennas during tomographic data collection and each zone
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was monitored for changes in fluid conductivity throughout the test. A packer system with
twenty 25 cm thick monitoring zones was placed in well A1 to capture high resolution
tracer concentration behavior as the plume migrated through the system (Barrash et al.,
2002).
Tomographic radar data were collected daily over the course of the test in planes
B1-B4 and B2-B4. For the B1-B4 plane, data were acquired with a 100 MHz Mala
Geosciences RAMAC/GPR system at every 20 cm in the receiver well (B1) and every 5
cm in the source well (B4). In this study I compare the B4-B1 FADT and RADT
attenuation-difference tomograms constructed from data collected on the 9th and 10th
days of the test, using reference (or background) data collected on the second day of the
test. Data collected on the second day are adequate as background data because no
significant amounts of tracer were located within any first Fresnel zones by the second
day. The inverted data are typically spaced at 20 cm intervals in each well over a 15 m
interval for a total of 2861 data points. The tomographic grid consists of 25 cm by 25 cm
cells for a total of 1586 cells.
Figure 3.5 shows the B1-B4 attenuation-difference data plots at 9 and 10 days after the
tracer was injected. The horizontal axis indicates the transmitter depth in B4 and the
vertical axis indicates the receiver depth in B1. The color scale represents the
attenuation-difference magnitude of each source-receiver pair as given by eq. (3.5) where
the trace .j was collected 2 days after injection and #

 was collected 9 (or 10) days after

injection. The low attenuation-differences above 9 m and below 14 m suggest the plume is
concentrated in the middle portion of the tomographic plane. This is expected since the 4
m injection interval ranges from 9 m to 13 m depth and there are no significant vertical
hydraulic gradients expected along the migration path. Note also that the distribution of
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attenuation differences in the cross-plots are similar for both days, although day 10
displays relatively larger attenuation-differences. It is plausible that the general shape of
the plume is similar on days 9 and 10, but that, in detail, higher general tracer
concentrations and larger plume dimensions have moved into the tomographic plane on
day 10 causing the larger attenuation differences. Also note the attenuation-difference
’hole’ that appears when the transmitter and receiver are located at approximately 12 m
and 11.5 m depth respectively. As I will show, the inverse mapping of this feature is
readily observable in the tomograms.
Figure 3.6 compares the L-curves for the FADT and RADT inversions. Each point on
the L-curve is generated by solving eq. 3.10 for a constant  value, and the optimum 
value occurs at the point of greatest curvature ((Hansen, 1992)). Comparing the L-curves
between days 9 and 10 we see that, for a given  value, day 10 consistently has a larger
data norm than day 9 for both the FADT and RADT inversions, suggesting more noise in
the day 10 attenuation-difference data. However, the optimum  value for each day is the
same (~ 66 as shown in Figure 3.6). If the day 10 data have a larger noise component than
the day 9 data, then the optimal  value for day 10 should be larger than the optimal 
value for day 9. This apparent discrepancy leads to some insight about radar
attenuation-difference data that can be explained as follows. Note that with respect to day
9, the day 10 model norm also increases for a given  value. This is reasonable since the
attenuation-difference values (and hence inverse model values) are greater on day 10 than
on day 9 leading to a larger model norm. In other words, we have larger signals
(attenuation differences) and a larger noise component (as indicted by the data norm at the
optimal  value) on day 10 compared to to day 9. The constant  value for the 2 days
suggests that the signal-to-noise ratio is constant for each day. In fact, although I only
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show inversions for two days in this chapter, the L-curves constructed for the day 6
through day 15 inversions display approximately the same optimal  values. The constant
optimal  value reinforces the compatibility between the data sets and suggests the data
reduction procedure prior to inversion is able to preserve the changes that are comparable.
On day 6, for example, the plume is just ’visible’ and the optimal  value results in a small
model and data norm. The constant  value for each day suggests that for this test,
time-lapse radar attenuation-difference data display the same signal-to-noise ratio and
thus the same optimal  value. This is important because, if optimal  values are constant,
then the effort required to produce and compare appropriately regularized time-lapse
inversion results will be greatly reduced. This may help increase the utility of time-lapse
tomography and facilitate technological advances such as real-time imaging.
Note that the FADT and RADT inversions display significantly different optimal 
values, data norms, and model norms. These differences arise due to the difference in
operators mapping the model to the data (i.e.  A versus  = ). The SVD analysis conducted
in Chapter 2 shows that RADT requires more basis functions than FADT to reconstruct a
model to the same noise level. Including more basis functions is analogous to reducing the

 value. Thus we observe that the optimal  value is lower for RADT in comparison to
FADT. In addition, the higher order basis functions for RADT saturate such that including
more basis functions does not change the model norm significantly. This effect is
illustrated by the RADT L-curves in Figure 3.6. For example, given a data norm of 10 we
see that the model norm for FADT is an order of magnitude greater than the model norm
for RADT.
The FADT and RADT attenuation-difference tomograms for days 9 and 10 are
compared in Figure 3.7. The tomograms are oriented such that the injection well (B3) is
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behind the page and the extraction well (B6) is in front of the page. Wells B1 and B4 are
on the left and right boundaries of the tomograms respectively and the plume is migrating
out of the page toward the reader. The test was configured so that the injection interval
straddled a stratigraphic boundary located at approximately 11 m in well B3 that separates
a relatively low porosity zone (Figure 3.4 zone 3) from a higher porosity zone (Figure 3.4
zone 2) that is persistent throughout the test region (Barrash and Clemo, 2002). Each of
the tomograms indicate that on days 9 and 10 most of the plume is located in the high
porosity zone below 12 m in the B1-B4 plane. The FADT tomograms suggest that the
plume is divided into an upper lobe and a lower lobe. The lobes are smeared together in
the RADT tomograms suggesting the plume is connected across the porosity boundary.
The smearing between lobes in the RADT case is a consequence of the ray
approximation. For instance, consider the wavelet collected on day 9 with the source and
receiver both at 12 m depth in their respective wells. If we assume the plume consists of
an upper and a lower lobe separated by approximately 1.5 m then the wavelet will be
attenuated with respect to the background wavelet because much of the plume in each
lobe is located within the first Fresnel zone. Thus, the datum associated with the (12 m, 12
m) source-receiver pair displays attenuation.
Now consider the ray associated with the (12 m, 12 m) source-receiver pair. The
ray-based sensitivities are located along a line between the source and receiver and do not
represent sensitive regions adjacent to the ray that are caused by finite frequency
propagation. In order to fit the datum associated with the (12 m, 12 m) source-receiver
pair, the inversion routine must smear the boundaries of the plume to the ray, thereby
resulting in a loss of spatial resolution. This can explain why the lobes appear connected
in the RADT inversion but separated in the FADT inversion. The ray-based inversion is
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forced to smear the boundaries of the plume in order fit data points associated with rays
passing near the plume boundaries. Note also that the predicted bulk conductivity changes
are significantly lower in the ray-based tomograms. This occurs because sensitivities are
concentrated along the ray and over-predict the sensitivity of each cell within the ray,
resulting in poor amplitude recovery. The loss of spatial resolution and poor amplitude
recovery for RADT was also shown in Chapter 2.
Comparisons of the predicted bulk conductivity vs. measured fluid conductivity at
well A1 are shown in Figure 3.8. It is important to interpret these comparisons in context.
The support volumes for the fluid conductivity measurements are essentially 1-D point
values aligned at 25 cm intervals along A1. In contrast, the radar support volume (e.g. the
Fresnel volume) is a 3D volume on the order of several cubic meters (Figure 3.2). The
plume will be sensed during radar propagation and will be located in the tomograms at the
point where it reaches the Fresnel volume boundary, but before it reaches A1, thereby
resulting in a discrepancy between radar and fluid conductivity measurements made at a
given time. However, it is useful to qualitatively compare the fluid conductivity
measurements to the inverse estimates at A1. For instance, the upper lobe shown in the
tomograms does not appear in the fluid conductivity measurements. This suggests that the
upper lobe has not yet reached A1 but is within the Fresnel volume of the radar data.
Thus, the lower lobe (which has reached A1) is moving faster than the upper lobe, which
is consistent with the porosity and hydraulic conductivity structure of the BHRS. The fluid
conductivity measurements are also consistent with the tomographic structure of the lower
lobe. The conductivity peaks are co-located and the vertical extent of the predicted bulk
conductivity change matches well with the measured fluid conductivity change, at least to
the depth where fluid conductivity measurement are available. This is most evident in the
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FADT inversions which are less affected by smearing artifacts.
Summary and Conclusions
In this chapter I have shown a practical application of attenuation-difference tomography
with the intent of demonstrating the utility of Fresnel zone tomography versus traditional
ray-based methods. Although the tomographic images are interesting on their own, they
are not of much value unless they can be used to give greater insight into the distribution
of subsurface properties, or otherwise solve some problem. Attenuation-difference
tomography is a useful tool for monitoring the migration of conductively anomalous fluids
through the subsurface. However, in the current state of the practice, using the
tomographic images to infer something about subsurface properties requires some type of
interpretation whether mathematical or in the form of expert judgment.
By better representing the physics of wave propagation in attenuation-difference
tomography, we can better leverage the information content in the data to produce more
accurate estimates of the distribution of fluid conductivity anomalies. By producing more
accurate tomograms we can reduce the possibility of interpretational errors. The field
example presented in this chapter is illustrative in this regard. Although the Fresnel zone
and ray-based tomograms display the same general distribution of conductivity changes,
the Fresnel zone images suggest the plume consists of two relatively compact lobes while
the ray-based images suggests the plume is more continuous and extensive. These two
images could lead to significantly different inferences about the subsurface and the
distribution of aquifer properties. Because the FADT images are more accurate, we may
gain more accurate knowledge about the subsurface and reduce the possibility of false
interpretation by employing Fresnel zone tomography.
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In summary, I have demonstrated an application of using Fresnel zone
attenuation-difference tomography to image an electrically conductive tracer as it migrates
through the subsurface. I have discussed each step of the data reduction and inversion
process and compared the resulting tomograms to tomograms produced by traditional
ray-based tomography. Fresnel zone inversion accounts for the finite frequency
propagation of radar waves and represents the physics of electromagnetic wave
propagation more accurately than ray-theory. This improved physical description leads to
better resolved tomograms in terms of both spatial resolution and amplitude recovery, and
should increase the usefulness of attenuation-difference tomography for investigating the
subsurface.
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Figure 3.1: Sensitivity distributions. a) Ray based attenuation-difference sensitivity distribution. b) Fresnel zone attenuation-difference sensitivity distribution. Each distribution is
computed on a 0.1 m by 0.1 m grid. Sensitivity changes in a) are based on differing travel
lengths over each cell the ray passes through. Note different scales.
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Figure 3.2: Field examples of a background trace and a trace collected in the presence of a
bromide tracer plume and the corresponding Fresnel zone.
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Figure 3.3: Aerial view of BHRS, Boise River, and well locations.
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Figure 3.4: Schematic diagram of the inner well-field at the BHRS showing tracer timelapse imaging test configuration. The injection zone straddles contact between the lower
porosity zone 3 and the higher porosity zone 2 (Barrash and Clemo, 2002). Over the course
of the test, the plume migrates approximately along natural gradient from B3 through A1
to B6. Tomograms shown are constructed for the B1-B4 plane on the 9th and 10th day
after injection. Note the contact locations between porosity zones 2 and 3 in each well,
demonstrating the lateral extent of each zone.
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Figure 3.5: B1-B4 attenuation-difference data cross-plots at 9 and 10 days after injection.
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Figure 3.7: B4-B1 FADT (left) and RADT (right) tomograms at 9 (top) and 10 (bottom)
days after injection.
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Figure 3.8: B4-B1 FADT and RADT bulk conductivity difference estimates at well A1
9 (top) and 10 (bottom) days after injection. FADT bulk conductivity estimates are blue,
RADT bulk conductivity estimates are green and measured fluid conductivity values in A1
are red.
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CHAPTER 4
INCORPORATING GEOSTATISTICAL CONSTRAINTS IN NONLINEAR INVERSE
PROBLEMS
Introduction
In order to solve many subsurface environmental and engineering problems, the physical
properties that govern subsurface processes must be known. Because geologic properties
are often highly spatially variable, it is typically infeasible or prohibitively expensive to
obtain adequate information about the property in question through direct sampling.
Instead properties must be inferred by the responses they influence at discrete sampling
points. For instance, a hydrogeologist might infer the distribution of hydraulic
conductivity by pumping from one well, measuring the draw down response in another,
and then finding a hydraulic conductivity distribution that explains the draw down
response. Or a geophysicist may infer the porosity distribution between two wells by
measuring the travel times of electromagnetic waves propagating from one well to the
other, and then finding a petrophysical model and porosity distribution that explain the
travel-time data. The data, such as travel-time, are not direct measurements of the
property in question, such as porosity, but are influenced by the property through some
physical process.
The distribution of a physical property is often estimated by mathematically inverting
the equations that describe the physical process to find a model (or a solution) that
explains the data. However, for most problems many reasonable solutions exist that
adequately explain the data. That is, the solutions are non-unique. In addition to
complicating the inversion process, solution non-uniqueness naturally adds an element of
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uncertainty in the estimated physical properties. To be rigorous, the solution uncertainty
must be quantified in order to identify what a particular data set can tell us about the
subsurface and with what amount of confidence.
Several techniques for estimating subsurface properties and their associated
uncertainties have been suggested and most of them can be broadly categorized as either
deterministic (Day-Lewis et al., 2002; Zhou et al., 2001; Anderman et al., 1996; Hyndman
et al., 1994) or stochastic inversion methods (Medina and Carrera, 2003; Hubbard and
Rubin, 2000; Capilla et al., 1998; Zimmerman et al., 1998; Copty and Rubin, 1995). In
general, deterministic methods attempt to estimate a single model that best describes the
resolvable subsurface features given a particular data set. Uncertainty in the solution is
estimated based on the sensitivity of data to the physical property of interest. Stochastic
inversion methods generally come in two forms. The first is geostatistical inversion, which
attempts to generate the posterior probability density function (pdf) of the property in
question given the available data (Clifton and Neuman, 1982; Kitanidis and Vomvormis,
1983). The second is conditional simulation, which attempts to generate an ensemble of
equally likely models that both fit the data and obey some spatial covariance properties
(Gomez-Hernandez et al., 1997).
The primary limitation of deterministic parameter estimation is directly related to the
non-uniqueness of the inverse problem. Data rarely provide enough information to
uniquely characterize a discretized model. Thus many models will minimize the
difference between the predicted and observed data. In order to remove this
non-uniqueness, a regularization term is often explicitly added to the objective function of
the inversion. The regularization term of the objective function is minimized at a unique
solution, often a homogeneous solution, which removes the non-uniqueness in the inverse
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problem (Doherty, 2003; Tonkin et al., 2003; Tikhonov, 1963). The inversion is
formulated so that the regularization term of the objective function is minimized (e.g. the
solution is relatively homogeneous) in regions of the model that are not sensitive to the
data. The resulting solutions are smoothed versions of the subsurface that generally
provide information concerning only the larger scale subsurface structure.
Smaller-scale structures that may be present in the subsurface are in the null space of
the data. They are not required to fit the data, but they are not excluded by the data either.
Instead they are excluded by the regularization operator. These small scale features are
often important when considering the objective of characterizing the heterogeneity of the
subsurface to solve environmental or engineering problems. For instance, it is known that
contaminant migration is sensitive to small scale variations in hydraulic conductivity
(Anderson, 1997; Neuman, 1994; Sudicky and Huyakorn, 1991).
In ground water modeling, regularization is often added implicitly by adhering to the
principle of parsimony (Hill, 1998). The principle of parsimony states that an estimated
model should have no more complexity than necessary to explain the data. Parsimony is
often implemented by dividing the inversion grid into large zones where physical
parameters are assumed to be homogeneous. This reduces the number of parameters
estimated and decreases or eliminates solution non-uniqueness at the expense of removing
the possibility of having complexity in the model that may be present in the subsurface. In
short, the trade-off for using regularization to remove the non-uniqueness in the inverse
problem is a more qualitative solution that favors relatively large scale structural
information and degrades the utility of using indirect data to quantitatively characterize
properties of the subsurface via inversion.
In contrast to deterministic inversion, the goal of geostatistical inversion is to estimate
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the conditional posterior pdf of the subsurface. The original versions of geostatistical
inversions required the practitioner to choose the spatial covariance properties of the
estimated model, such as the model semivariogram (Clifton and Neuman, 1982). More
current methods estimate the optimal spatial covariance properties as part of a 2-step
inversion process (Kitanidis and Vomvormis, 1983). The first step is to estimate the spatial
covariance structure, and the second is to use the spatial covariance estimate as prior
information in the generation of the posterior pdf. One of the advantages of geostatistical
inversion over deterministic inversion is that the posterior pdf naturally gives an estimate
of the parameter uncertainty. Unfortunately, the direct results of geostatistical inversions
fail to provide a model which reproduces the spatial covariance because the expected
mean of the estimated parameter tends to filter out variability (Carrera et al., 2005). In
order to produce a model that reproduces actual variability and explains the data, one must
sample the posterior pdf through a method such as Markov Chain Monte Carlo simulation
(Gilks et al., 1996), which is generally computationally expensive. In addition, the
posterior pdf is often assumed to be Gaussian to simplify the estimation process, an
assumption which may not be valid.
The method of parameter estimation I present in this chapter is philosophically similar
to method of conditional simulation proposed by Gomez-Hernandez et al. (1997), or the
self-calibrated algorithm. The self-calibrated algorithm, in brief, attempts to directly
estimate a model which both honors a specified spatial covariance structure and explains
the data set. The method proceeds by first generating a model that honors the spatial
covariance structure as well as any available direct measurements of the parameter in
question through conditional simulation. Then, through an iterative process, perturbations
are added to the original model until the resulting solution explains the data. Thus, the
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self-calibrated algorithm is a two-step process where the goal of each step is to fulfill a
certain requirement. The first step estimates a model that honors a particular spatial
structure and matches direct measurements of the parameter in question. The second step
modifies the model produced in the first step so that it also explains the available data. The
resulting model is a single realization of the non-unique space of models that fulfill all of
these requirements. I will reserve further comment on this method until my approach has
been presented, allowing me to make comparisons which are included at the end of the
discussion section.
In this work I abandon the approach of using regularization to remove non-uniqueness
in favor of a method which provides realizations of all possible solutions that both fit the
data and obey some spatial covariance properties specified by one or more
semivariogram(s). That is, I find models that both explain the data and are geostatistically
accurate. A critical assumption in this method is that the semivariograms are adequately
known or can be reasonably approximated. While geostatistical properties of the
subsurface are rarely known precisely, spatial covariance estimates can often be obtained
from indirect sources such as analog sites, geophysical data, outcroppings, logs, and
expert judgment (Hubbard et al., 1999; McKenna and Poeter, 1995; Jussel et al., 1994).
My approach is illustrated conceptually in Figure 4.1. The model space consists of all
possible solutions to the inverse problem. Within the model space, a number of solutions
adequately explain the data. These solutions are bounded by the blue line labeled “Models
that fit exact data” in Figure 4.1. The existence of multiple solutions illustrates the
non-uniqueness of the problem and the presence of a null space. In practice, data are
always contaminated by noise which effectively increases the null space and the number
of solutions that explain the data (Parker, 1994). The space of solutions that explain the
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noisy data is bounded by the dashed line in Figure 4.1.
In addition to solutions that explain the data, there are also a number of solutions that
fit the specified spatial covariance properties. This space is bounded by the red line labeled
“Models that fit exact geostatistics” in Figure 4.1. Sampling models from this space alone
constitutes unconditional stochastic simulation (Deutsch and Journel, 1992; Journel and
Huijbregts, 1978). In practice the true spatial covariance structure may not be known
precisely, but can be bounded by reasonable estimates. For instance, we may be able to
place upper and lower bounds on the range and/or sill values of the semivariogram(s). The
uncertainty in the spatial covariance structure is analogous to the presence of noise in the
data. The “noise” in the spatial covariance structure expands the range of solutions that fit
the geostatistics and increases the geostatistical null space. The space of solutions that fit
the bounded covariance properties is represented by the dotted line in 4.1.
Assuming data measurement errors are random and semivariogram estimates bound
the true semivariograms, there exists a region in the model space that includes solutions
which both explain the data and fit the geostatistics. The ’true’ model belongs to this
region, which is represented by the shaded area labeled ’solution space’ in Figure 4.1. The
’true’ solution is the solution that most accurately depicts the subsurface at the model grid
scale. I assume the grid scale is uniform and is much smaller than the semivariogram
range so that small scale spatial correlation represented by the semivariogram can be
modeled.
Traditional regularization (explicit or implicit) precludes the possibility of obtaining
the ’true’ solution through inversion unless the subsurface is homogeneous (or zonally
homogeneous in the implicit regularization case). This is a consequence of obtaining a
unique solution through regularization. Because traditional regularization imposes
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smoothness in unresolved portions of the model, it is difficult to obtain a model that
captures the natural complexity of the subsurface. And thus, it is difficult to use a
regularized model to accurately predict processes that are sensitive to that complexity,
such as contaminant transport. By generating an individual solution that both explains the
data and fits a desired spatial covariance structure, I aim to capture the natural complexity
in the subsurface at all scales, and thereby provide the possibility of producing accurate
predictions of processes sensitive to variability at any or all scales. By generating an
ensemble of such solutions we can examine the resolving capability of the data (and of the
covariance constraints) and estimate the uncertainty in the models and the predictions they
produce through statistical analysis.
I first describe the two-fold objective of the inverse problem. Although the method is
generic in scope (i.e. it is applicable to many types of parameter estimation problems), I
describe the theory in terms of ray-based radar velocity tomography. In order to accurately
generate ensemble solution statistics, models taken from the solution space must be
equally probable and must be sampled in an unbiased manner. I discuss bias caused by the
spatial covariance constraints which I term ’spatial covariance bias’ to facilitate
discussion. I present a practical approach to eliminating spatial covariance bias for
solutions that are both unconditional (e.g. solutions constrained to fit the semivariograms
only) and conditional (e.g. solutions constrained to fit both the semivariograms and the
data). Next I demonstrate the method with an example using a non-stationary synthetic
subsurface and present evidence that the conditional solutions are not biased. Then I show
a field example using radar travel-time data collected at the Boise Hydrogeophysical
Research Site (BHRS). The BHRS has been shown to exhibit a hierarchical geostatistical
porosity structure Barrash and Clemo (2002). I use an approximations to Topp’s equation
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(Ferre et al., 1996; Topp et al., 1980) to convert hierarchical porosity semivariograms to
slowness semivariograms in order to constrain the inversion. Finally I discuss the results
and offer concluding remarks.
Theory
Although the inversion method described in this section is general in mathematical terms,
I develop the discussion in terms of radar travel-time tomography and provide specific
examples in the results section. I begin the theoretical development by stating the
objective of the inversion which is to minimize the function

cI/MfaCMEHGj5JF!¿*IPK/ e¼/Mf³5 R,fhg6i E'5#¿6jå9´Q¿*Ilk/nm/Mf³5 Rpo>g6i E+5¿
Here f



is the estimated model parameter vector (e.g. slowness distribution), e

(4.1)
is the

forward travel time operator (e.g. the eikonal equation solver), fqg6i E is the observed travel
time data vector, m is the forward semivariogram operator such that m/Mf`5 produces the
predicted semivariogram(s), oVg3i E is a vector containing the desired model
semivariograms, and IPK and Ilk are the data and semivariogram weighting matrices
respectively. The parameter  determines the importance placed on fitting the
semivariograms at each iteration as cI/MfrCFEHG5 is minimized in the inversion procedure.
The second term of the objective function has the same form as a traditional (e.g.
Tikhonov) regularization constraint (Tikhonov, 1963). However, with traditional
regularization there is a unique solution that minimizes the regularization term. This
removes the null space in the inverse problem and allows for a unique solution.
Conversely, many solutions exactly minimize the second term of equation (4.1). That is,
many velocity (or slowness) distributions have geostatistics that match those specified in
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o>g6i E . In fact, minimizing the second term of equation (4.1) alone constitutes a method of
unconditional stochastic simulation. In general, many of these geostatistically valid
solutions will also minimize the first term of equation (4.1). Hence many solutions exist
that minimize both terms of equation (4.1), so the solutions are still non-unique and the
inverse problem is still ill-posed (e.g. a null space exists even though the solutions satisfy
the geostatistical constraints). Conceptually, those solutions that minimize both terms of
the objective function are contained within the solution space shown in Figure 4.1.
The non-uniqueness allows us to sample the space of solutions that fit both the
observed (e.g. travel time) data and the geostatistics, thereby providing a means of
estimating solution statistics or uncertainty. By repeatedly solving the inverse problem
with different random starting models, I sample the space of geostatistically accurate
solutions that explain the data. I take precautions to ensure that each solution is equally
probable so that the solution space is represented in an unbiased manner. Through this
process of inverse stochastic sampling, I construct an ensemble of models which is used to
estimate ensemble solution statistics. I can also use the ensemble to estimate the posterior
probability distribution of the solution space, which may assume any form (e.g. the
posterior pdf is not forced to have a Gaussian form). To generate the ensemble, I must be
able to minimize equation (4.1) which requires simultaneously minimizing the two
nonlinear and non-unique objective function terms. For the remainder of this chapter I
will refer to this method as inverse stochastic sampling (ISS).
To minimize equation 4.1 I expand the objective function by perturbing the model by

;Ef which gives, ignoring the second order and higher order terms,
cI/Mf 9;Ef`5Fô¿*ILK/:eî/Mf`5k9´>så;6f
Q¿*Ilk/nm/Mf`5k9´kº;6f

R,fVg6i E+5¿ j 9

Rro/g3i E+5#¿

(4.2)
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where >s/f`5 and k/f`5 are the travel-time and semivariogram Jacobian operators
respectively. Note that Vs and ] are each dependent on f

which demonstrates the

nonlinearity of each term of the objective function. The travel-time sensitivities that
comprise Vs are computed by ray tracing; the computation of  is discussed in section 4.
Taking the gradient of equation (4.2) with respect to ;Ef , setting the results to zero, and
gathering terms gives

Û

BUs ILt K/sî9´W/T
U Il
t k]

Ý

;6f
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where ; fVg3i EFwe¼/f`5 ,
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k U Ilk . Note that ;6f

is a perturbation to the model f

(4.3)

KU ILK , and
that decreases the value of

the objective function. That is, the updated solution at iteration zò9|{ is given by

fr}



Ffr}e9;Efr} . At each iteration z , I solve equation (4.3) for ;Ef~} and update fr}

for the next iteration. I determine ;Ef } using the LSQR (Paige and Saunders, 1982)
algorithm to solve the equation
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for ;Ef . For notational convenience, let the data norm c

x

Fô¿*ILK/:eî/Mf`5 R,fVg6i E'5#¿ and

let the semivariogram norm cdFô¿JIlk/nm/Mf`5 r
R o/g3i E+5.¿ . The solution converges when

c

xe

ê and cåd

ÿ

Here ê is chosen based on the noise in the data and



is a small

tolerance value that forces an accurate semivariogram fit. Because both terms of the
objective function are nonlinear, the algorithm for choosing  is relatively complicated
and merits a separate discussion presented in section 4.
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Computing the Semivariogram Sensitivities 
The semivariogram value at a separation distance (or lag) of  is given by (Isaaks and
Srivastava, 1989)
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where g is the index that spans all parameter (e.g. slowness) cell pairs separated by lag  .
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where N} k/Y5M= is the number of pairs at lag  that include cell  , and g spans all of these
pairs. Rearranging constants, factoring the

D
D
/  ú R  =5 out of the first term, and

expanding the result gives
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When ; = is small the second order term in ; = is insignificant. Neglecting the second
D
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or equivalently
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 = is row  and column  of k . I compute  using a modified version of the

gamv program included within the GSLIB library of geostatistical routines (Deutsch and
Journel, 1998).
Choosing the Parameter 
Each term of the objective function in equation (4.1) is non-unique, and any solution fCFEHG
that minimizes the objective function is a single realization that appropriately fits the data
and the semivariogram. The path a particular solution takes through the model space as
the inversion algorithm progresses, and ultimately the final solution, depends both upon
the starting model and upon the way in which  is chosen at each iteration of the
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inversion. For a regularized inversion in which c&dF@ has a unique solution,  is chosen
so that c

x

x

F<ê . If c

drops below ê (e.g. the data are over-fit) the next iteration will

increase  which smooths the updated model and increases c

x

. However, because cdeF<@

does not have a unique solution in the ISS method, increasing  does not guarantee an

x

increase in c

x

increase c

. If at some iteration c

drops below ê , the inversion may not be able to

by increasing  , because it may find a solution which will decrease

will also decrease

x

ensuring c

x

c

x

ced and

in the next iteration, even if  is made very large. My approach to

ê for all iterations is two-fold. First, I limit the number of internal LSQR

iterations so that the inverse algorithm takes small steps toward the solution, reducing the
possibility of over-fitting the data. Second, I choose  so that c

x

and cåd approach their

target values asymptotically, converging at approximately the same iteration. At the first

x

iteration,  is chosen such that equal weight is placed on c



iterations , 
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is rapidly decreasing then  (and hence  ) are rapidly increasing, which slows the

descent of c

x

and causes an asymptotic convergence. If c

where  is a user chosen constant. If cd drops below



x

drops below ê , then îF

 then îF

"4

" 4
x
p . Plots of c , cåd , and

 showing the asymptotic solution convergence are shown in the Results section below.
Obtaining Slowness Semivariograms from Porosity Semivariograms
In the field example shown in the Results section, I obtain slowness semivariograms from
porosity semivariograms using Topp’s equation (Topp et al., 1980) which is an empirical
petrophysical model giving the electromagnetic wave slowness as a function of saturated
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porosity (e.g. water content). Ferre (1996) showed that over a wide range of porosities
Topp’s equation may be approximated by the equation

, 
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5 and porosity at position Ê , respectively, and



is the free-space electromagnetic wave velocity. The difference between Topp’s equation
and equation (4.13) is less than 3% for n
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slowness semivariogram equation gives
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Equation (4.14) can be simplified to
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/nY5 is the porosity semivariogram given by
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In the field example I use equation (4.15) to convert



(4.16)



/Y5 semivariograms to

semivariograms which are in turn used to constrain the tomographic inversion.



/Y5
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Results
Examining and Removing Solution Bias
In order to accurately estimate ensemble solution statistics by sampling from the solution
space, I must ensure that the solutions are equally probable and unbiased. Given the
objective stated in equation 4.1, the posterior probability distribution for a solution f

is a

Gaussian distribution given by,
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(see for example Mickalak and Kinanidis, 2004, eq. 13). I ensure each solution is equally



probable by choosing constant target values (e.g. ê and ) for each term (or each norm) in
the exponent. In fact, when ê is chosen by the _
and



criteria based on the noise in the data,

is chosen to be a very small value such that the semivariogram norm is close to zero,

then each solution represents one realization of the maximum likelihood distribution.
Such is the case in the approach I demonstrate here. That is, I am not sampling



/Mf`5 in

this demonstration, but rather sampling models from the distribution of models with
maximum probability. This is different from Markov Chain Monte Carlo methods where
the objective is to sample





/f`5 , although ISS can also sample /f`5 by appropriately

choosing the norm target values ê and



for each model generation. Thus, from this point

forward, the posterior probability distribution refers to the maximum likelihood
distribution, and not the probability distribution for all possible models



/Mf`5 .

Although each model has equal probability, I must demonstrate whether the ISS
method produces bias in the solutions. In this section I discuss biasing issues related to
fitting the spatial covariance and present a practical methodology for eliminating spatial
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covariance biasing.
To evaluate biasing issues I use the concept that, for an unconditional solution,
unbiased cells display no tendency to vary or assume a value that is different than any
other unbiased cell. That is, each unbiased cell has the same probability distribution (e.g.
mean and variance) in the unconditional case, and the ensemble mean and variance of
unbiased cells will approach the expected mean and variance. Because the semivariogram
gives no information concerning absolute values, the expected mean is insensitive to the
semivariogram and depends solely on the starting models in the unconditional case. If
starting cell values are chosen from distributions with differing means, then cell ensemble
means will also have differing values resulting in a bias caused by the choice of starting
models. I avoid starting-model bias by populating each starting-model cell with values
sampled from the same normal distribution. The expected mean in this case is the mean of
the starting-model probability distribution, and the ensemble mean of unbiased cells will
approach this expected mean (for the unconditional case).
In contrast to the expected mean, the expected variance of unbiased cells is dependent
upon the semivariogram and independent of the starting-model distribution. The
starting-model variance of each cell has no effect on the ensemble variance of that cell,
because the ensemble variance is specified by the semivariogram sill. When the spatial
covariance is stationary, directional semivariograms have the same sill and the expected
variance for each cell is the sill value. In this study however, I show a synthetic example
using semivariograms having different sills in the horizontal and vertical directions. In this
case the expected variance lies between the sill values and the ensemble variance of all
unbiased cells will approach this expected variance. I also consider a field example for a
system which is non-stationary overall. The system includes subregions (layers and
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lenses) which have means and variances that are consistent within a given subregion but
different between subregions (Barrash and Clemo, 2002). As I will show, ensemble
variance estimates can be biased due to the decreasing number of cells near model
boundaries. If unaccounted for, this spatial covariance biasing decreases the utility of
using ISS to estimate solution uncertainty measures such as ensemble variance.
Spatial covariance biasing arises due to unequal sampling of the model grid at different
scales when computing the spatial covariance sensitivities by equation (4.11). For
example, consider the horizontal and vertical semivariograms shown in Figure 4.2. These
semivariograms represent a non-stationary model (layered system with different means
and variances per layer–note the resulting different horizontal and vertical sills
(Kupfersberger and Deutsch, 1999) and were chosen to demonstrate the indifference of
the ISS method to stationarity. That is, ISS is equally valid for any specified
semivariogram or system of semivariograms regardless of stationarity.
Figures 4.3 a, b and c show three unconditional solutions generated by ISS that
conform to the semivariograms in Figure 4.2 up to a lag of 3 m. The division of these
solutions into zones will be explained shortly. To demonstrate spatial covariance biasing,
consider a single cell located at position (-3 m, 5 m) on the left edge of the model. From
that cell the model extends vertically to the maximum lag distance of the vertical
semivariogram (3 m) both above and below. Thus this cell is associated with an equal
number of pairs in each lag in the vertical direction (assuming a uniform grid). In the
horizontal direction there are no values to the left of the cell, so the horizontal variogram
is less sensitive to this cell than is the vertical semivariogram. Because of this sensitivity
difference, the inversion algorithm uses this cell more strongly to fit the vertical
semivariogram than the horizontal variogram, resulting in a bias toward the vertical
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semivariogram. If we move the cell to the right the length of one horizontal lag to (-2.8 m,
5 m), the horizontal semivariogram value at the first lag is no longer biased because there
are equal numbers of pairs in the horizontal and vertical directions with respect to the first
lag. As we continue to move the cell to the right, the vertical bias is removed at increasing
scale lengths because the sampling discrepancy does not exist at these scales. When the
cell is the maximum horizontal semivariogram lag distance away from the left edge ( 3
m), the vertical bias at all scale lengths does not exist and the solution at that cell is no
longer biased. Horizontal bias can be demonstrated in the same manner by considering,
for example, a cell at (2.5 m, 13 m) and progressively moving the cell downward until the
horizontal bias at all scales is removed at (2.5 m, 10 m).
Figure 4.3 shows how effects of bias are evident near the boundaries of each solution.
The left and right boundaries in Region II of each model appear more variable because
they are biased toward the vertical semivariogram which has a greater sill value.
Conversely, the top and bottom boundaries in Region III display less variability because
they are biased toward the horizontal semivariogram which has a lower sill value. Region
IV is biased in both the horizontal and vertical directions whereas Region I is unbiased.
To show the effects of spatial covariance biasing on ensemble statistics, again consider
the models shown in Figure 4.3 a, b and c. Each of these models represents one
unconditional solution taken from an ensemble of many solutions. To generate each
solution, I create a random, normally distributed starting model with a mean velocity of 80

D C 
D C 
ë , a variance of 4 / ë 5 , and no spatial correlation. Because the final model

depends in part on the starting model, I begin each inversion with a random starting model
so that the final solution is not biased by the starting model. The value of the
starting-model variance is of no consequence in the final solution because the global
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variance (and hence the unconditional ensemble variance of each cell) of each solution
depends solely on the semivariogram sill values. Figures 4.3 d, e, and f show the ensemble
means of 10, 50 and 100 unconditional solutions respectively. As the number of solutions
in the ensemble increases, the ensemble mean of each cell approaches the expected mean
of 80

D C 
ë demonstrating that the ensemble mean is not subject to spatial covariance

biasing. The fact that the unconditional ensemble mean is only dependent upon the
starting-model mean becomes important when analyzing the conditional ensemble mean,
because differences in the conditional ensemble mean arise to satisfy the conditional data
(e.g. travel-time data in this case) and give valuable insight into the resolving capability of
conditional data.
The effects of spatial covariance biasing on ensemble variance are demonstrated in
Figures 4.3 g, h, and i which show the ensemble variance of 10, 50, and 100 solutions
respectively. The ensemble variance of each cell in the unbiased Region (Region I)
approaches the expected value of approximately 27

/

D C 
ë 5 , the average value of the

horizontal and vertical semivariogram sills. In Region II the ensemble variance increases
toward the boundaries because solutions are vertically biased and the vertical
semivariogram has a greater sill value. In Region III, where the horizontal variogram
dominates, the ensemble displays lower variance. Region IV is both vertically and
horizontally biased. Region I is the only region which displays the unconditional expected
variance due to the combined constraints imposed by the vertical and horizontal
semivariograms.
In this work I remove spatial covariance bias by extending the model boundaries
beyond the region of interest. The model must be extended to the maximum vertical lag in
each vertical direction (i.e. above and below) and the maximum horizontal lag in each
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horizontal direction (i.e. left and right). For example, the region of interest in Figure 4.3 is
Region I and consists of the 0 m to 5 m interval in the horizontal direction and the 0 m to
10 m interval in the vertical direction. The model boundaries have been extended 3 m in
each direction in this case because the maximum semivariogram lag in each direction is 3
m. In the next section I demonstrate a conditional simulation example corresponding to
the unconditional example in Figure 4.3 showing the results only in the region of interest
(Region 1).
Synthetic Data Example
In this section I demonstrate ISS using a synthetic data example. Figure 4.4 a shows the
synthetic radar velocity model that I used to construct the semivariograms shown in Figure
4.2. I generated travel time data by solving the eikonal equation (Aldridge and Oldenburg,
1993) with sources and receivers modeled at 0.25 m increments in depth and at distances
of 0 m and 5 me respectively for a total of 1681 data points. The data were contaminated
with normally distributed noise having a mean of zero and a standard deviation of 0.5% of
the maximum travel time. Each grid cell is 0.1 m by 0.1 m for a total of 5000 grid cells.
The semivariograms were generated with the kt3d program of the GSLIB library (Deutsch
and Journel, 1998), using a search angle of 25 degrees and a maximum search width of 0.8
m. Semivariogram values were estimated at approximately 0.2 m lags.
I generated an ensemble of conditional solutions using the synthetic travel-times and
velocity semivariograms. Variations in the ensemble mean and variance typically
stabilized to an approximately constant value after 40 solutions. I generated 50 solutions
for this example. To determine each starting model, I computed the mean and standard
deviation of the apparent slowness for each source-receiver pair. The apparent slowness is
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the travel time divided by the source-receiver offset. The starting models were then
populated with normally distributed slowness values having no spatial correlation and a
mean and variance equal to the mean and variance of the apparent slowness. Note that I
am estimating slowness, but the results are shown in terms of velocity for clarity.
The true velocity distribution, ensemble mean, and regularized solution are shown in
Figures 4.4 a, b and c respectively. Figure 4.4 c is regularized by constraining the
inversion to minimize the first spatial derivative between cells with equal weighting in the
horizontal and vertical directions. Compared to the regularized solution, the ensemble
mean provides a more accurate description of the larger scale structure and is not affected
by regularization artifacts.
The unconditional and conditional ensemble variances are shown in Figures 4.4 d and
e. The unconditional variance is also shown in Region I of Figure 4.3 i, but with a
different color scale. Figures 4.4 f, g and h are example conditional solutions taken from
the ensemble. Each solution displays the general structure of the true model, but each also
includes small-scale features which are in the null space of the data. Each solution is a
geostatistically accurate model that explains the data.
I can investigate, to a limited extent, the conditional solution bias for the synthetic
example because the true solution is known. The expected value of a particular cell is not
the true value unless the cell is sufficiently resolved. However, the expected value at a
scale that the data can resolve will approach the average value of the true model at that
scale if the solution is unbiased. That is, the expected value is scale dependent at scales
smaller than the data are able to resolve. As the scale increases to a resolvable length, the
expected value will approach the average true model value at that scale if the solutions are
unbiased. Since I do not know the expected value of each cell, I cannot determine if
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solutions are biased on a cell to cell basis in the conditional case. However, I expect the
global model residuals (e.g. differences between predicted and true values of all cells) to
be normally distributed with a zero mean under unbiased conditions. Figure 4.5 shows a
histogram of the model residuals (e.g. predicted minus true value) for every cell in the
ensemble. The residuals are normally distributed with zero mean. The normally
distributed model residuals provide evidence that the conditional solutions are not biased.
Figure 4.6 shows c

x

, cßd ,  , and the the objective function value cI/MfpCMENG5 for a typical

solution and demonstrates the asymptotic solution convergence. To slow the convergence
of c

x

and avoid over-fitting the data, I used four internal LSQR iterations for each

inversion iteration. The starting values of c

x

and cåd depend on the particular starting

model, and the change in  depends on the derivative of c

x

with respect to iteration

number as given in equation (4.12). The choice of a random starting model produces a
large cåd value at the first iteration. As the inversion progresses, c&d must be reduced in
order to honor the geostatistical constraints. Thus  must increase so that the total
objective function is influenced by both the data misfit and the semivariogram misfit. This
explains why  generally increases with iteration number as shown in Figure 4.6. Figure
4.6 also shows the typical predicted (slowness) semivariograms compared to the target
semivariograms when cßdF

ÿ

Field Example
The Boise Hydrogeophysical Research Site (BHRS) is a research well field in a shallow
aquifer consisting of heterogeneous coarse-grained fluvial deposits. The arrangement of
wells at the BHRS is designed to capture the three-dimensional distributions of geologic,
hydrogeologic and geophysical parameters (Barrash and Knoll, 1998). Barrash and Clemo
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(2002) adopted a hierarchical (multi-scale) approach to characterize the geostatistical
structure of porosity at the BHRS based on neutron porosity logs. They examined four
stratigraphic layers within the saturated zone with different geostatistical characteristics,
including the region between wells B3 and B5 (Figure 4.8) which I consider for a field
example here. Zones 1 through 3 are modeled with exponential semivariograms and zone
4 with a periodic semivariogram. Zones 1 and 3 display lower porosity means and
variances whereas zones 2 and 4 display higher porosity means and variances. The
semivariograms for each zone are well constrained in the vertical direction. In the
horizontal direction, sill values are relatively well constrained but the ranges for each zone
are uncertain due to limited horizontal sampling (Barrash and Clemo, 2002). I assume
each horizontal range is approximately 6 meters in this case giving the horizontal
semivariograms shown in Figure 4.8. The focus in this case is to demonstrate the ISS
method, and I assume a horizontal range of 6 meters in each zone for simplicity.
I used equation (4.15) to convert porosity semivariograms to radar slowness
semivariograms and I used radar travel-time data with sources in well B5 and receivers in
well B3. Data were collected at 20 cm receiver increments and 5 cm source increments for
a total of 12304 travel times. Data processing included time zero, zero offset, and
borehole deviation corrections, although other corrections are also possible to further
refine the travel time data ((Buursink, 2006)). I assume normally distributed noise in the
travel-time data with a standard deviation of 0.5% of the maximum travel time. In each
inverse solution the spatial covariance structure is constrained by the appropriate zonal
semivariograms, with no spatial correlation constraints across zone boundaries. Starting
models are constructed in the same manner as discussed in the synthetic example. To
invert the data I use a 6.8 m by 15.5 m grid of 0.01 m by 0.01 m cells for a total of 10695
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cells. For comparison, I also show a regularized solution using the same data, same noise
assumption, and same grid configuration. The constraints for the regularized solution
specify first spatial derivative minimization with a ratio of 3 to 1 horizontal to vertical
weighting.
Using ISS, I generated an ensemble of 50 geostatistically constrained solutions which
I used to compute the ensemble mean and variance (Figure 4.9). I recognize that the
ensemble variance is biased to some degree due to the boundaries between zones.
However, I expect the bias to have less of an effect than what is shown for the synthetic
example because the horizontal and vertical semivariograms have the same sill value in
any given zone. Thus I may be able to gain some insight into the uncertainty through the
ensemble variance. The value of the ISS approach is evident in the ensemble mean which
is not biased by the semivariogram constraints. The ensemble mean displays the large
scale (zonal) and finer scale (within zone) structure that are resolved by the data. Two
types of finer scale structure that are resolved with the ISS method are: (1) lenses in Zone
4 that are responsible for the periodic structure (Barrash and Clemo, 2002) and (2) local
material variations in zones 1-3. Typical predicted semivariograms for each zone are
shown in Figure 4.10.
Discussion
I have shown synthetic and field examples of the ISS method and I have discussed spatial
covariance biasing and how I accounted for it. Each solution matches the semivariograms,
explains the data, and represents one equally probable possibility of capturing the model
that best describes the subsurface. Although the solutions are used as a means of
computing ensemble statistics in this work, each solution, generally speaking, can also
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provide a useful predictive model, particularly in cases where predictions are sensitive to
small-scale variability such as in contaminant transport modeling.
Assuming the spatial covariance structure is reasonably well-known and conditional
solutions are not biased, the ensemble captures what a particular data set can tell us about
the subsurface. The ensemble may be used to estimate the maximum likelihood
probability distribution of the solution space. Note that there are no constraints placed on
the form of the probability distribution (e.g. the distribution is not constrained to be
Gaussian) with the ISS method. The posterior distribution is free to assume its true form,
and therefore more accurately represent the properties of the solution space than those
methods which require the posterior distribution to be Gaussian. This claim comes under
the caveat that each conditional solution is equally probable, which is enforced by



ensuring each term of the objective function is minimized to the same value (e.g. ê and )
in each solution. I have also provided evidence that each solution in the ensemble is not
biased by showing that the model residuals are normally distributed for a synthetic model.
The ensemble mean captures the large-scale variability well and demonstrates the
resolving capability of the data. Consider that the semivariogram constraints give no
information concerning the ensemble mean. In the limiting case of no data, the ensemble
mean of many solutions will converge to the mean of the starting models, as shown in
Figures 4.3-d,e and f. Smaller-scale structures in the null space of the data will tend to
average out of the ensemble mean. Deviations of the ensemble mean from the starting
models mean that are persistent in the ensemble mean are required only to fit the data, and
thus show the information content or resolving capability of the data.
Note that resolution is often investigated through examination of the model resolution
matrix (Menke, 1989). However, in nonlinear problems the model resolution matrix is
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dependent upon the predicted model which is itself an estimate. Thus the resolution
matrix may provide a misleading estimate of the true resolution (Oldenborger, 2005). I
believe that assessing model resolution through the ISS ensemble mean holds promise and
warrants further research.
The ensemble mean also identifies the larger-scale structure of the model. This is
particularly evident when comparing the ensemble mean of both the synthetic and field
examples to the corresponding regularized solutions. In the synthetic example the
ensemble mean appears to be a spatially averaged version of the true solution. The
regularized solution resembles the true model but exhibits smearing artifacts typical of
regularized solutions. For example, the bottom boundary of the regularized model exhibits
large velocity artifacts that are smeared downward from higher in the model. The
regularized solution in the field example exhibits these same features and I presume the
ensemble mean more accurately characterizes the primary structures of this region of the
BHRS.
The ensemble variance provides a useful measure of the worth of data in reducing
solution uncertainty. For the unconditional synthetic case, the ensemble variance of each
cell approaches the expected unconditional variance as the number of solutions in the
ensemble increases. In ISS the unconditional variance, which is determined by the
semivariogram sill values, is the greatest possible variance that any cell can assume. When
data are added to the solution, those cells sensitive to the data are constrained and the
ensemble variances of those cells are reduced. Cells less sensitive to the data are free to
vary over a wider range and will exhibit greater ensemble variance values up to the limit
of the expected unconditional ensemble variance (Figures 4.3 d and e). The unconditional
ensemble variance describes the model uncertainty given only the spatial covariance
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information. The conditional ensemble variance describes the model uncertainty given
both spatial covariance and tomographic data. In this case, the tomographic data display
great worth in reducing solution uncertainty with respect to what is known given spatial
covariance information only.
The primary computational expense of implementing ISS is in generating an ensemble
of solutions. Computing the semivariogram sensitivities is a relatively efficient process.
For instance the BHRS model consists of 10695 cells and computing the semivariogram
sensitivities at each non-linear iteration requires approximately 15 seconds. However,
because the inversion takes small steps at each iteration, the number of iterations required
for convergence constitutes the primary demand in terms of computation time. Generating
50 solutions in this case required approximately 4 hours on a computer running a 2.4 GHz
Pentium processor. Note that the convergence scheme I have presented is robust but is not
optimized. While the processing demands of ISS are not prohibitive, I believe they could
be reduced significantly by implementing common inversion optimization techniques.
The memory required to implement ISS could be considered insignificant. One row is
added to  for each lag in each semivariogram. For instance, in the synthetic example 
has 30 rows compared to the 5000 rows in hs . For the field example,  has 200 rows and

>s has 10695 rows.
With respect to flexibility, the ISS method will find solutions honoring any
semivariogram or number of semivariograms without regard to stationarity or anisotropy,
so long as there is an overlapping space of solutions that also honor the data. In addition,
implementing ISS into existing deterministic codes can be accomplished in a relatively
straight-forward fashion by augmenting the existing Jacobian matrix with W and adding
the  parameter to the inversion. For instance, in the field example an existing ray-based
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tomography code (Aldridge and Oldenburg, 1993) was modified to include  and  in
order in implement ISS. As I have shown, ISS can also be used as a method of
unconditional simulation by disregarding the data term of the objective function. In that
case, the ensemble mean will be a function of the ensemble mean of the starting models,
but there are no constraints on the form of the unconditional pdf.
Finally, I would like to make a few comments comparing the ISS method to the
self-calibrated algorithm (Gomez-Hernandez et al., 1997). The methods are similar in
terms of objective, but different in terms of how the objective is satisfied. I first note that
the self-calibrated algorithm honors direct measurements of the estimated parameter in
each solution. I have not included that capability for simplicity, but such capability can be
included in the ISS method by augmenting hs with ’hard’ constraints (one for each direct
measurement) that require the inversion to find solutions that honor the direct
measurements.
The primary difference between the self-calibrated algorithm and ISS is the manner in
which each of the objectives is satisfied and the resulting effects on the final ensemble.
The self-calibrated algorithm relies on two independent processes to meet the objectives
of honoring the spatial structure and explaining the data. The first step produces a seed
model which honors the spatial structure. The second step modifies the seed model so that
the data are satisfied. Because the data matching step is independent of the structure
matching step, there is no guarantee that the final model will honor the spatial structure
once the seed model is modified to honor the data. The perturbations added to the seed
model adjust the model to fit the data only, without regard for the spatial structure. In the
ISS method, the objectives of honoring the spatial structure and explaining the data are
met simultaneously in a manner that the final model must meet both objectives.
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Summary
In this chapter I have presented a method of sampling equally probable models from a
space containing non-unique models that explain a particular data set and follow specified
spatial covariance properties as expressed by one or more semivariogram(s). Because the
models generated are geostatistically accurate they are useful as predictive models where
small scale variability is important. Because the models are equally probable, the
ensemble statistics provide an accurate method of estimating what features the data are
able to resolve and the worth of data in decreasing uncertainty pertaining to the existence
of those features, by displaying how the conditional variance is decreased with respect to
the unconditional variance. Assuming the spatial covariance structure can be adequately
defined, the ensemble of models and resulting statistics describe what is known about the
subsurface given a particular data set and covariance structure, no more and no less.
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Figure 4.1: Conceptual representation of model space.

Figure 4.2: a) Horizontal and vertical slowness variograms used in unconditional simulation and synthetic velocity tomography examples. b) Portion of the horizontal and vertical
semivariogram used to constrain inversions and the typical variogram predictions for an
unconditional simulation.
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Figure 4.3: Unconditional simulation results demonstrating spatial covariance biasing of
the velocity model. a), b) and c) Sample unconditional solutions. d), e) and f) Ensemble
mean of 10, 50 and 100 solutions respectively. g), h), and i) Ensemble variance of 10,
50 and 100 solutions respectively. The ensemble mean is unbiased in all regions I-IV. For
ensemble variance: Region I is unbiased; Region II is biased toward the vertical semivariogram; Region III is biased toward the toward the horizontal semivariogram; Region IV is
biased toward both the horizontal and vertical semivariograms.

114

Figure 4.4: Synthetic velocity tomography results using ISS. a) True model. b) ISS ensemble mean (50 solutions). c) Regularized solution. d) Unconditional ensemble standard
deviation. e) Conditional ensemble standard deviation. f), g) and h) Sample solutions taken
from the ensemble.
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Figure 4.5: Histogram of difference between predicted solution and true model velocities
over the entire ensemble.
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Figure 4.6: Typical solution convergence and semivariogram fit. a) Data norm ( cd.5 convergence vs. iteration number. b) Semivariogram norm ( ced.5 vs. iteration number. c)  vs.
iteration number. d) objective function value cI/f`5 vs. iteration number.

Figure 4.7: Typical solution semivariogram fit.
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Figure 4.8: Zones and zonal porosity semivariograms for the region between wells B3 and
B5 at the Boise Hydrogeophysical Research Site
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Figure 4.9: a) B3-B5 ensemble mean. b) B3-B5 ensemble standard deviation. c) Regularized solution. d,e,f) Sample solutions taken from the ensemble.
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Figure 4.10: Typical slowness semivariogram predictions for each zone.
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CHAPTER 5
SUMMARY
Contributions and Future Research
Fresnel volume attenuation-difference tomography (FADT) is a significant advancement
in the emerging field of attenuation-difference tomography. In terms of the joint inversion
of the tracer time-lapse imaging test (TTLT) data, it provides a method of accurately
estimating the sampling volume of a propagating radar wave in two or three dimensions,
removing the estimation errors caused by the ray-approximation. Prior to the development
of FADT, ray-approximation was the only viable method of modeling the radar
attenuation-difference data for the (TTLT) because full waveform methods are typically
prohibitively expensive computationally. This is especially true for large inversions as
would be required to model the TTLT test.
Outside of the TTLT, FADT represents a significant advancement in the understanding
and the state of the practice of attenuation-difference tomography, particularly where
velocity variations are relatively small. Electrically anomalous contaminant plumes can be
imaged and monitored more accurately in comparison to ray-based tomographic images.
FADT provides a method of accurately approximating the full-waveform sensitivities
without the computational burden that renders full-waveform inversions intractable in
practice. In particular, FADT provides a tractable method of estimating bulk-conductivity
changes in three-dimensions where the limitations of ray-theory are exacerbated. The
theoretical understanding accomplished while deriving the FADT method sets the stage
for the development of more advanced techniques of attenuation-difference tomography
using full-scattering formulations to image conductively anomalous plumes.
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The method of inverse stochastic sampling (ISS) presented in Chapter 4 provides a
method of incorporating geostatistical information into parameter estimations. ISS also
provides a method of exploring the space of solutions that are acceptable in terms spatial
structure (at all scales) and in terms of explaining the available data, thereby providing a
method of estimating solution uncertainty. In comparison to existing geostatistical
inversion methods, the ISS method is efficient, does not require restrictive assumptions,
and is relatively simple to implement into many existing inversion codes. The ISS could
be improved by optimizing the inversion routine and by deriving a method of removing
the spatial covariance bias without expanding the model boundaries. In addition,
exploring model resolution and data worth issues through ISS warrants further research.
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Appendix A
Low Loss Electromagnetic Wave Propagation
The homogeneous Helmholtz equation for the electric field is given by
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The attenuation coefficient for a sinusoidally varying plane wave in the time domain is
given by (Ward and Hohmann (1988))

îFéÞ

Z

ëêª "



¨9« 

9l/

¦J§ 

;35 R

²¬¯® 

(A. 2)

Under low loss conditions, eq. (A. 2) may be approximated as (Jackson, 1999, (295-340))
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which indicates that attenuation coefficient is independent of frequency in the low loss
regime. The relationships between eqs. (A. 2) through (A. 3) for a particular case are
illustrated in Figure 1 on the following page. The curves represent eq. (A. 2) for several
different conductivity values. The ’+’ symbols show the transition frequencies where
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for each curve. The ’x’ symbols show the approximation given in eq. (A. 3) is

valid for the low loss condition
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Figure 1: Relationship between attenuation coefficient and frequency in the georadar
regime. Attenuation coefficient is frequency independent in the low loss regime. Wave
equation parameters chosen for this case are typical of those that might be found in a sand
and gravel aquifer saturated with low conductivity water such as the BHRS.

